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Aim

ÅYou never know the x -ray spectrum of a real system. 

ÅTo give some examples of how to cope with this situation.
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Detected X -Ray Spectrum

ÅOf relevance for artifact correction is the detected spectrum w(E), 
and not the emitted spectrum I(E).

ÅEmitted spectrum, i.e. photon numbers or intensities (involves 
intrinsic and extrinsic prefiltration):

ÅDetected spectrum, simple model:

ÅSpectra are functions of the detector pixel position ( u, v).
Normalization to unit area .
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Heel Effect e-

Offset-corrected image (40 kV, 1.39 mA, 23 ms, Ziehm Imaging CMOS)
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Simple Spectrum Model

ÅAssume patient to be decomposed into two materials, pt1 and pt2.

ÅObserved spectrum (ano = anode, pr = prefilters, bwt = bowtie, pt = 
patient, det = detector):

ÅDetected spectrum is obtained by setting lpt1 = lpt2 = 0.
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X-RAY SPECTRUM ESTIMATION
Estimating the detected spectrum
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Estimation of the X -Ray Spectrum

ÅMonte -Carlo simulation of single 
electron tracks through target 1

ÅTarget configuration of an 
industrial CT system

1S. Agostinelli et al, ñGeant4ða simulation toolkitò, Nucl . Instrum . Meth. A. 506(3), 250 -303 (2003)

Substrate 
layer

Target layer

Incident electrons

Generated x -ray

U = 215 kV, 6 µm tungsten target, 250 µm diamond substrate
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Introduction
ÅCT applications that require accurate knowledge of the emitted or 

detected spectrum:
ïOrgan dose estimation

ïBeam hardening correction

ïDual energy decomposition

ïK-edge imaging

ïQuantitative perfusion measurements

ïé

ÅExisting methods:
ïSemi-analytic models

ïMonte -Carlo simulation

ïSpectroscopy

ïCompton scattering

ïTransmission measurements 
(direct, simple, no extra hardware)

ïé

Beam Hardening Correction

Original Corrected

Dose Estimation

Without Bowtie With Bowtie
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Spectrum Estimation
by Attenuation Measurements
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Å Lambert -Beer law:

Å Problem:

ñGiven Űfor different (known) 
combinations of µ(E) and d, reconstruct 
w(E).ò

Materials and Methods

Spectrum Reconstruction from 
Transmission Measurements

Å Methods:

ïFew parameter modelling

ïNeural networks

ïExpectation maximization (EM)

ïTruncated singular value decomposition (TSVD)

ïNew: PTSVD
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Å Discretized Lambert -Beer law in matrix 
notation:

Å Minimize the least square difference

Å Calculation of the pseudo -inverse A+

ïDecompose A into orthonormal basis with 
help of SVD:

ïTruncate A+ to the highest R singular values:

Materials and Methods

Truncated Singular Value 
Decomposition (TSVD)

Tominaga et al. - A Singular Value Decomposition Approach to X -Ray Spectral Estimation from Attenuation Data (1986)  
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Å Minimize the weighted least square 
difference with help of TSVD to obtain the 
low frequent solution from range:

Å Calculate a solution from null space that 
represents the high frequency components 
(here: characteristic peaks):

Å Add the solution from null space to the 
solution from range:

Materials and Methods

Prior Truncated Singular Value 
Decomposition (PTSVD)

Leinweber et al. - Attenuation -Based Reconstruction of Low and High Frequency Components of Detected 
X-Ray Spectra (2016)  

with
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Materials and Methods
Simulation / Measurement Study

ÅSimulation conditions:
ï150 kV tungsten target spectrum simulated according to Tucker et al.

ïSpectrum estimation from 28 aluminum (Al) attenuators with lengths 
ranging from 0.5 mm to 132.5 mm

ïPoisson noise is added to the Al transmission data for varying 
numbers N0 of incident photons

ïNoiseless simulations of polyoxymethylene (POM) with continuous 
attenuation length for validation

ÅMeasurement conditions:
ïExperimental setup consisting of a 150 kV transmission x -ray tube and 

a flat detector

ï28 measurements of Al and POM attenuators with attenuation lengths 
ranging from 0.5 mm to 132.5 mm

ïMaterial for spectrum estimation: Al

ïMaterial for spectrum validation: POM

Tucker et al. - Semi-empirical Model for Generating Tungsten Target X -ray Spectra (1989)
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Results:
Noiseless Simulated Data
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Results

Noisy Simulated Data
N0 = 1×1012
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Results

Noisy Simulated Data
N0 = 1×1010
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Results

Noisy Simulated Data
N0 = 1×108
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Results

Noisy Simulated Data
N0 = 1×106
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Results

Measured  Data
N0å 1×1010
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Conclusion and Discussion

ÅPTSVD overcomes the limitations of TSVD by incorporating prior 
information about the statistical nature of the transmission data and 
about the high frequency components of the spectrum.

ÅPTSVD is less prone to noise compared to TSVD.

ÅSimulations show that for accurate transmission data PTSVD leads 
to smaller length errors compared to EM.

ÅEffects that limit the accuracy of transmission measurements: 
quantum noise, electronic noise, scattered radiation, image lag, 
quantization errors, dynamic range, é
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FIRST ORDER
BEAM HARDENING CORRECTION
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Beam Hardening
ÅMeasurement

ÅSingle material approximation:

ÅTwo material case: 

­ cupping, first order BH artifacts ­ cupping correction (water precorrection)

­ banding artifacts, higher order BH artifacts ­ higher order BH correction
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32 cm Water Phantom Phantom with Water Precorrection

C = 0 HU, W = 100 HU

First Order Beam Hardening

Water Precorrection: Determine a function P
such that p = P(q) corrects for the cupping.
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Analytical Cupping Correction

ÅKnow the detected spectrum, e.g.

ÅAssume the object to be decomposed as 

such that

                                                                 with

ÅInvert (numerically) to get 

Works iff you know w(E) and y(E).
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Alternatives if Spectra are Unknown

ÅCalibrate water precorrection function. 
ïUse layers of known thickness dn, e.g. PE sheets in steps of 10 mm.

ïThis yields a LUT q(d) that can be inverted.

ïThis can be done pixel -wise and thus account for the heel effect and others.
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M. KachelrieÇ, K. Sourbelle, and W.A. Kalender, ñEmpirical cupping correction: A first-order raw data precorrection for 
cone -beam computed tomography,ò Med. Phys. 33(5):1269-1274, May 2006.



27

Empirical Cupping Correction (ECC)

ÅSeries expansion of the
precorrection function

ÅGo to image domain by
reconstructing qn

ÅFind coefficients from

M. KachelrieÇ, K. Sourbelle, and W.A. Kalender, ñEmpirical cupping correction: A first-order raw data precorrection for 
cone -beam computed tomography,ò Med. Phys. 33(5):1269-1274, May 2006.
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ECC Template Image

Original  image Template image Weight image

water
phantom

table

segment and
specify CT-values CT = 0 HU

CT = -1000 HU

M. KachelrieÇ, K. Sourbelle, and W.A. Kalender, ñEmpirical cupping correction: A first-order raw data precorrection for 
cone -beam computed tomography,ò Med. Phys. 33(5):1269-1274, May 2006.


