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Chapter 1
Introduction

This Diploma Thesis deals with the problem of feature seldon for Support
Vector Machines by means of Genetic Algorithms. The problerof feature
selection is an important issue in Machine Learning and of gat practical
importance, e.g. in bioinformatics. Similar to a human beigp a machine can
increase its estimated learning performance by ltering duirrelevant fea-
tures of the data to learn. For example if one wants to learn tdiscriminate
tables from chairs in general the color is completely irralant and thus the
feature \Color" should not be taken into consideration for he classi cation
of an unknown object. Another problem evolves in bioinforntas: Suppose
we want to detect cancer cells by means of their genetic pragies. Notice
that the human DNA has millions of genes. So the arising quésh is: Which
of these genes are really relevant for the classi cation ofcell as \cancer"
or \not cancer"? Do we need 10, 50, 100 or 10,000 genes to saktis task?
The question which is behind that is, what the term \relevane" actually
means and how relevant features can be detected. These are tvo funda-
mental problems of feature selection. It will turn out that the detection of
relevant features is a di cult combinatorial task. Feature selection should
not be confused with featureextraction as it is done e.g. in Principal Com-
ponent Analysis (e.g. [Duda73]) or Independent Componentralysis (e.g.
[KwaChoChoO01]).

The problem of feature selection is deeply connected with Maine Learn-



ing in general. An important question in feature selectionsi, how one can
estimate the learning performance of a machine, i.e. how Wwéie machine
can generalize An often used metaphor (see e.g.[RusNor95, p. 528]) to ex-
plain what is meant by that is the following: A learner alwaysacts within an
environment from which he can observe certain things. Of cae the learner
is aware of what he is observing right now and what he observedthe past,
but not what he will observe in future. Every action the learer is taking
causes a certain result, which itself might be perceptibler mot. The goal of
learning is to construct a model or dypothesisof the environment based on
received perceptions, such that he can predict the result éfiture actions.
Thus the hypothesis is ageneralization of perceptions made in past to any
point in time.

A Support Vector Machine (SVM [BosGuyVap92)) is a learninglgorithm
which has become quite popular during the last years. The cogpt of SVMs
evolved from insights of Statistical Learning Theory whiclwas mainly devel-
oped by V. Vapnik and A. Chervonenkis [VapChe64, VapChe74,a8Che79,
VapLer63, Vapnik79, Vapnik95, Vapnik98]. An important prgerty of SVMs
is that there exist theoretical upper bounds on the generaktion error for
them. These bounds can be used to estimate the generalizatpperformance
of a SVM. Compared to general estimation methods like crosalidation or
bootstrapping they are less accurate, but computationallgttractive. Addi-
tionally, when used within a Genetic Algorithm, they reducethe potential
danger ofover tting, i.e. the machine does not generalize well, because the
learned hypothesis is somehow to special.

Genetic Algorithms have been developed in the 70s by John Heoid and
his students [Holland75, DeJong75]. They have been estabied as a general
purpose tool for di cult optimization problems and are thus applicable to
the feature selection problem. This has been done beforeg.e.in combi-
nation with decision trees and cross-validation [FerKadK®3, BriBroMar92,
RicLan96, RayPunGooKuhJai00]. As in this thesis SVMs are ad for classi-
cation, Genetic Algorithms will be used in combination with the theoretical
bounds on the generalization error. This new approach can lsempared to
the traditional one with cross-validation as well as to otheexisting algo-
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rithms for feature selection on arti cial and real life datasets. The real life
data sets are DNA micro array data. As it was already pointedu above, es-
pecially for these very high dimensional data the problem déature selection
is of great practical interest.

This thesis is organized as follows: In the next chapter theneoretical
background of this thesis is clari ed. First the central tems \generalization"
and \over tting" are de ned which are necessary to understad the rest
of this thesis. For this purpose we have to take a short view opattern
recognition in the light of Statistical Learning Theory. Aterwards a short
introduction into Support Vector Machines is given and di gent methods to
estimate the generalization capability of a SVM are descrdal. Having this
knowledge we can put our focus on the question of feature stien. Finally
Genetic Algorithms are introduced.

In chapter 3 three existing algorithms for feature selectioare described,
before in chapter 4 we move on to Genetic Algorithms for feate selection.
The di erent Genetic Algorithms are compared to each otherad to existing
algorithms in chapter 5. Chapter 6 contains a discussion aralsummary of
the experimental results, before in chapter 7 there is a geaéconclusion of
this work.



Chapter 2

Theoretical Background

2.1 General Prerequisites | Pattern Recog-
nition in Statistical Learning Theory

In Machine Learning generally one distinguishes betweesnpervisedand un-
supervised learning Supervised learning is distinguished intoorrective learn-
ing and reinforcement learning (e.g. [RusNor95, Rojas96]). Ircorrective
learning the learner has full access to both, received observationsdathe
obtained results of every action. This is often compared tofaendly teacher
who is providing you with exercises and the right answers. Ireinforcement
learning the learner is only provided with an evaluation of every aabn he
is taking and not with the correct results. This is comparald to a teacher
who doesn't tell the correct answers, but is only giving grags on how well
you are doing. In unsupervised learning the learner doesriiave access to
the results of his actions at all. That means he only can leanelationships
between observations.

In Statistical Learning Theory (see e.g. [SchSmo02, pp. 6 1,1pp. 125
- 146]) one is primarily interested in corrective learningHence the learner
receives a set of training exampleB = f (Xi;yi)jXi 2 X ;y; 2Y ;i =1;::;ng,
where X is some nonempty set opatterns (cases, inputs, instancesr ob-
servationg) and Y is a nonempty set oftargets (outputs). Here Y will be
considered as a nite set otlass labels That means we are trying to learn



a classi cation of the training patterns X4; :::; X,. This situation is also com-
monly referred to aspattern recognition.

The standard assumption in Statistical Learning Theory isthat the data
E is generated independently from some unknown (but xed) ptmability
distribution P(x;y). The goal is to construct adecision function (or hy-
pothesig f based on the training dataE that will correctly classify as many
unseen examplesx{y) as possible, which are drawn from the same distri-
bution P(x;y), such that f (x) = y. This is called generalization We are
trying to infer f from our training samples such that the hypothesis learned
from these samples can be generalized to any unseen sampé&vdrfrom the
same distribution. For this purpose one needs to make use of mduction
principle. The problem is that f could be chosen from any class of func-
tions, and we have only our dataE which is given. We could easily choose
f such that it ts perfectly all training points (e.g. in a 1D classi cation
problem by means of a polynomial function of degree 1 | provided
that x; 6 x; fory; 6 y; forall i;j 2 f1;:::;ng). That meansf (x;) = vy; for
i =1;::;n. But that doesn't guarantee that for some unseen example;(y)
f(x) =y (gure 2.1).

Figure 2.1: A 1D classi cation problem with a set of three training point s (marked
by circles) and test points (marked as lines on thex-axis): disriminate class -1 from
class +1. Classi cation is performed by thresholding a realvalued function g such
that f (x) = sgn(g(x)). Both functions (dotted line, solid line) perfectly explain
the training data, but they give opposite predictions on the test inputs. Lacking
further information, there is no way to decide, which function to take (source:
[SchSmo02]).

li.e. f (x) = argmaxy P(x;y)



To put it more formally, let us consider we have some nonnegat loss
function " : X Y Y! [0; 1 [ with the property "(x;y;y) =0 for all x 2
X;y 2 Y which gives us some measure for the error we make by predict-
ing some sample X;y) (drawn from P(x;y)) by means of our classierf
[SchSmo02, pp. 62 and following]. The simplest choice for @s$ function
would be

0 ify="~f(x)

(xy:f (X)) =
(y:f () 1 otherwise

(2.1)
A crucial insight of Statistical Learning Theory is that minimizing the average
training error (or empirical risk, see e.g. [Vapnik98])

1 X
Remplf 1= —  ~ (Xisyii T (xi)) (2.2)
i=1
does not imply a small expectedeneralization error (or risk) over all possible
patterns drawn from the underlying distribution P (Xx;y)
Z

R[f]= - T}y f(x) dP(xy) (2.3)
Note that expression (2.3) is actually not computable, sircwe don't know
P. The term over tting refers to the situation whereRey, is very low or
maybe 0, butR is very high. That means that the learned hypothesis covers
very well all special cases provided by our training exam@d€, but is some-
how not general enough to cover other data. On the other handenwhave to
avoid a hypothesis which is so vague that it can explain neién our training
examples nor unseen test data su ciently, i.e. we get a highnepirical risk
(under tting ). To avoid this Vapnik [Vapnik95, Vapnik98] suggested to re
strict the set of functions (or concept9 C from which f is chosen to one that
has a suitablecapacity for the amount of data available. One of the best
known capacity concepts is the so calledC (Vapnik-Chervonenkis) dimen-
sion (e.g. [Vapnik98, SchSmo02, Vapnik95])The VC dimension is de ned
as the largest numbet, such that there exists a set of training points which



a given class of concepts cashatter, and 1 if no suchl exists. Here a set
of | points is said to be shattered by a class of functionS, if one can real-
ize all possible separations of the points, which are indwtéy any possible
combinations of labeling the patterns, by means of a functiofrom C. For

example if there are two classes +1 and -1, there aré 2 8 possible ways
to label 3 training patterns. Suppose all training patternsare in R? and are
non-collinear, each possibility can be realized using a septing hyperplane.

That means the class of hyperplanes is able to shatter 3 pasntThis would

not work for 4 points, no matter how we placed them. Thereforthe VC di-

mension of the class of hyperplanes R? is 3. A class of concepts igarnable
only, if its VC dimension is nite.

Let h <n be the VC dimension of the class of functions that the learnn
machine can implement, then for all functions of that classndependent of
the underlying distribution P(x;y), with a probability of at least 1 over
the drawing of the training sample the following bound holdg§Vapnik98,
Vapnik95]:

RIf]  Remplf]+ (hin; ) (2.4)

where is acon dence (or capacity) term which is de ned as

S
(h;n; )= % h InZFn+1 +Inf' (2.5)

Now for each nite set of examplesE we can always come up with a func-
tion f such that we have zero training error (provided we have no exgles
contradicting each other), i.e. Remp[f] = 0. This will even be the case
if all training patterns x and all labelsy are statistically independent, i.e.
P(x;y) = P(x)P(y), and the labels are equally likely. In this situation there
is no way of making a good guess about a label of a test patterHowever,
to achieve zero training error we will necessarily require large VC dimen-
sion h. As the con dence term (2.5) increases monotonically withhe VC
dimension this will lead to a high riskR, i.e. overtting. That means the

class of functionsC, from which f is taken, has to be restricted such that its



capacity (e.g. VC dimension) is on one hand as small as pogsifin relation
to the available amount of data) to provide a good generalitan perfor-
mance (i.e. avoid over tting) and on the other hand large enagh to model
the dependencies hidden i (x;y) (i.e. to avoid under tting). Hence Vap-
nik and Chervonenkis [Vapnik79, VapChe74] proposed miniging the right
hand side of (2.4), rather than just minimizing the empiricarisk. This leads
to the Structural Risk Minimization principle. The main idea is to build a
nested sequence of function classes @&ructures) S, S, @@ S,
of increasing size (and thus, of increasing capacity) and miinize the right
hand side of (2.4) over the choice of the structure. This way fanction f is
picked which has a small training error and is an element of a&rgcture that

has a low capacityh ( gure 2.2).

error

capacity term

training error

h
Structure
@c c

Figure 2.2: Structual Risk Minimization principle (source: [SchSmo03)

y ol

Note that (2.5) also depends on the amount of data we have. The higher
the VC dimensionh of the class of concept€ we are taking into account the
higher is the number of training examples we need to avoid oviting. On
the other hand, if we have an unlimited supply of training exanples, we can
avoid over tting by just taking some class of functionsC with a nite VC
dimension.

It should be mentioned that the approach of Statistical Learing Theory
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presented here is not the only one to the problem of patterncegnition. An-
other statistical approach would be e.g. Bayesian learningn the Bayesian
view learning is nothing more than a subproblem of the more mdamen-
tal problem of making predictions [RusNor95, p. 588]. The @h is to use
hypotheses as intermediaries between data and predictioRirst the proba-
bility of each hypothesis, given the data, is estimated. Thepredictions are
made from the hypotheses using their posterior probabilgs. That means
predictions are weighted by the probability of the underlyng hypothesis.

A completely other approach came out of the eld of Articial Intelli-
gence. Here the goal is to ndules behind the data which can be represented
in a symbolic fashion, e.g. predicate logic. That means thedrned hypothe-
sis can be seen as knowledge which can be communicated to hafaings in
a symbolic way. An example of this approach would be learnifgy means of
decision trees [RusNor95, p. 531]. In contrast to this appach SVMs as well
as Arti cial Neural Networks | which are motivated by biolog y | represent
our hypothesis in a \subsymbolic" way.

Additionally one could try not to infer a hypothesis from thewhole train-
ing data at once by means of an induction principle, but to st& with some
simple hypothesis and re ne it gradually whenever a new exate arrives.
This approach is calledncremental learning [RusNor95, p. 529]. An exam-
ple of such an approach is the version-space learning algiom as described
e.g. in [RusNor95, p. 549].

2.2 What are Support Vector Machines?

2.2.1 The Idea behind it | Optimal Margin Hyper-
planes

In the last section the importance of capacity control for ay learning algo-
rithm was described. Therefore one needs to come up with a sdaof func-
tions whose capacity can be computed. Vapnik et al. [VapLe36VapChe74,
VapChe79] considered the class of hyperplanes in some vesjgaceH with
a de ned dot product h; i:
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fx 2Hjhw;xi + b=0g; w2H;b2 R (2.6)

As any hyperplane divides the space into two half spaces (atitlis induces
a classi cation into a class -1 and a class +1) this correspda to decision
functions

f (x) =sgn(hw; xi + b (2.7)

The margin of a hyperplane is the distance between the hyperplane and
the point closest to it. The important point is that one can piove that the
capacity (e.g. the VC dimension) of the class of separatingyperplanes with
a given margin decreases with increasing margin (e.g. [San&®2, p. 142]).
Looking back at the last section that means the bigger the mgin the lower
becomes the right hand side of (2.4). This is exactly what weant. By
making the margin as large as possible we are minimizing theeustural risk.
Hence, Vapnik et al. proposed to nd the so calledptimal hyperplane which
induces the maximum margin by separating the two classeshis optimal
hyperplane is unique. It can be constructed in the followingvay:

Let (X1;y1);:5(Xn;yn) 2 H £ 1;+1g be a set of training examples.
Then any hyperplane of the form (2.6) can be scaled such that

min jhw;xi + =1

which means that the point closest to the hyperplane has a d@sce of E=kwk
(gure 2.3).

By considering this normalization, the optimal hyperplanecan be con-
structed by solving the optimization problem (see e.g. [SEmMo02, pp. 196
and following])

. 2
MiNwan 2r (W) = 3 kwk

) : . (2.8)
subjecttoy; (hx;;wi+b) 1foralli=1;::;n

This is called the so calledprimal optimization problem Constrained
optimization problems like this are the subject of optimizdon theory and
can be solved by means of thikarush-Kuhn-Tucker (KKT) theorem (see e.g.
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‘ Note:

<w X >+b=+1
<w X,>+b =-1

‘ = <w(x—x,p= 2
2

|
W |
|7 ol 1= ]

Y [x[swe+b =0}
\ A

\ \
\ \

Figure 2.3: A binary classi cation problem: separate balls from diamonds. The
optimal hyperplane is shown as a solid line. As the problem is lineayl separa-
ble, there exists a weight vectorw and a threshold b such that y; (hw; xji + b) >
0 (i =1;::;n). Rescalingw and b such that the point(s) closest to the hyperplane
satisfy jhw; x;i + I = 1, we obtain a canonical form of the hyperplane satisfying
yi (hw;xji + b) 1. That means the margin in this case equals #kwk. This can
be seen by considering two pointx1; X, on opposite sides of the hyperplane, which
exactly satisfy jhw; xji + b = 1, and projecting them onto the hyperplane normal
vector w=kwk. (source: [SchSmo02])

[SchSmo02, pp. 165 and following]). Instead of solving (2.8ne deals with
the dual problem

P, P ,
max W( ) = =1 i 2 qj=1 i jYinIQXi;XjI (2 9)
subjectto ; Oforalli=1;:5n; and [, y; =0 '
where = ( 1;:5; n) is an n-tuple of Lagrangian multipliers. The KKT

theorem guarantees that the solution of (2.9) is exactly theame as of (2.8)

and has the form
xn

W = iYiXi (2.10)
i=1
which is leading to a decision function of the form

!
o !
f(x) =sgn iyi; xii + b (2.112)

i=1
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Obviously w only depends on those training vectors;, for which the cor-
responding ; is non-zero. These patterns are calledupport vectors. All
remaining examples are irrelevant for the decision functio According to
the KKT theorem only the Lagrangian multipliers ; which are non-zero at
the saddle point of (2.9) correspond to an exact equality inhe constraints.
That means that all support vectors are lying exactly on the rargin, since
only they can fulll y; (hxj;wi + b) = 1. This nicely captures our intuition
of the problem: As the hyperplane is completely determinedylthe training
points closest to it, the solution does not depend on other amples.

2.2.2 Support Vector Machines (SVMs)

Until now we have only focused on the case where the trainingath is
perfectly linearly separable by a hyperplane. However, or@n show that
there are problems which are not linearly separable (e.g. éhXOR problem
[Rojas96, p. 62]). If we still want to use optimal margin hypglanes, which
are attractive due to the available capacity bounds, we neemlmethod to in-
crease the capacity of our set of decision functions anotheay. The idea is to
construct a mapping : X 'H from the set of inputsX to our dot product
spaceH (also calledfeature spacg, such that the data lying in H is linearly
separable. To reach this goal, one uses a function K: X I R such that
k(x;x% = h (x); (x9i. This function is called kernel function. The goal of
the \kernel trick" is to avoid the explicit computation of th e mapping . In-
stead we de ne a dot product in feature space by means of therkel function.
The kernel can be interpreted as a similarity measure betwedhe vectors
(x)and (x9 in spaceH. This becomes more clear, if we consider the canon-

ical dot product between two vectorsx = (X1; 5 Xa) 5y = (Y15 ve)T 2 R
hx;yi = id:1 Xi¥i. Then hx;yi is proportional to the cosine of the angle
betweenx andy and thus an indicator for the similarity between both vec-
tors. The idea of kernels is to generalize this concept by rsnapping our
training data into a higher dimensional feature space and #n de ning some
dot product (and thus similarity measure) in that space.

The question is how this can be done in practice. We somehowede
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| input space '} feature space
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L 2
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@ . \
o o °
O
o

Figure 2.4: The idea of kernels: map the training data into a higher dimersional
feature space, such that the mapped data is linearily sepatae with a maximum

margin hyperplane in this space. This induces a nonlinear dgsion boundary in

the original input space. By the use of a kernel function, it is possible to compute
the separating hyperplane without explicitly computing th e mapping (source:
[SchSmo02, p. 15])

to check whether some function we chose de nes in fact a kefraad hence
implicitly a feature space or not. Because of the propertiex the dot product
any function k which is a kernel has to be symmetric. Thus th&ram-matrix
or kernel matrix K = (k(xi;X;)) i has to be symmetric as well. Furthermore
it can be shown [CrisSha00, p. 35] that k is a kernel function.¢. it ful lls
k(x;x% = h (x); (x9i) if and only if K is positive de nite (i.e. has non-
negative eigenvalues).

Popular kernel functions are e.g. the polynomial kernels degreeg > 0
k(x;x9 = (hx;x3 + ©)9; ¢2 R, or the radial basis functions (RBF) of width
> 0k(xx9 =exp 5 XX These kernel functions requireX to be

a dot product vector space, but there exist also kernels foron-vectorial
spaces, e.g. for strings (see e.g. [LesEskNob02]). It isogtssible to build
new kernels from existing ones. If for example, and k, are kernels ovelR",
then alsok = k; + k; is a kernel. This can be seen easily by considering the
corresponding Gram matriceX ;; K, and some vectorv 2 R". Then the
matrix K, + K, has to be positive semi-de nite, because (K, + K,)v =
vIKyv + vTK,o,v 0. There is also some on going work in estimating the

kernel directly from the training data (e.g. [CriShaEliKarD2]). This is done
oy i,
PG Kighy Ty Tig

by optimizing the alignment p of the unknown kernel matrix
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K with the matrix yy T, wherey Y " is the vector of the class labels of the
training data.?

Let's go back to our Optimal Margin Hyperplanes from the lassection
now. The idea is to replace the dot product in (2.9) by a kerndunction
which allows us to induce a nonlinear decision boundary in ¢horiginal input
space. This is leading to the following formulation of the dal optimization
problem (see e.g. [SchSmo02, pp. 202 and following])

— P n 1 P n .
ma‘)f W( )_ ji=1 i § ihj =1 i Jy'ylé(r)](hxl) (212)
subjectto ; Oforalli=1;:5n; and -, iy =0
which induces a decision function
[
" !
f(x) =sgn iVik(x;xi)+ b (2.13)

i=1

This is the so called hard margin Support Vector Machine (segure 2.5).
Note that our optimization problem is now formulated in the @iginal input
spaceX , which is not necessarily a vector space.

One open point is what happens, if the two classes are not pecfly
separable, because of outliers or noise in the data. In thiase a separating
hyperplane in feature space doesn't exist. Cortes and Vapn{[CorVap95])
solve this problem by introducing so called slack variables 0; i =1;:::;n
and relaxing the separation constraints in (2.8) by just regjring

yi(kipwi+b) 1 i i=1;::n (2.14)

This is commonly referred to as aoft margin hyperplane Obviously these
constraints could always be met by just making all; large enough. To
compensate this, the objective function (2.8) is modi ed as

. 1., X
min _ (w; )= ékwk +C i (2.15)

w2H ;b2R
i=1

2H<1;K2iF is the Frobenius dot product which is dened as WK ;Kyip =
ij (Kl)ij K-Zr ij -
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Figure 2.5: Example of a hard margin SVM using a RBF kernel. Circles an di&s
are two classes of training examples. The lines show the deidn boundary within
the margin. The SVs (marked with extra circles) are lying exactly on the margin.
(source: [SchSmo02, p. 16])

where the constantC > 0 determines the trade-o between margin maxi-
mization and error minimization. Incorporating a kernel an the dual prob-
lem formulation, one has to maximize (2.12) subject to the ostraints

0 i Cforalli=1;::;n; and X ivi =0 (2.16)
i=1

The only di erence from the separable case is the upper bour@ on the
Lagrangian multipliers ;. This way the in uence of the individual patterns
(which could be outliers) is limited. The solution takes thesame form as
(2.13). This is the so called C-SVM, which is the most commonlsed SVM.
Note that for C!1 the solution converges against the solution of the hard
margin SVM.

Another formulation is the so called -SVM (e.g. [SchSmo02, pp. 206 and
following]). Instead of using the parameteC, one uses a parameter 2 [0; 1]
which can be shown [SchSmo02] to provide a lower bound on thaction of
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examples that will be support vectors and upper bounds for ¢hfraction
of points with ; > 0 (margin errors). Patterns which are margin errors
are either misclassi ed or lie within the margin. The primaloptimization
problem for the -SVM is formulated as

P

- -1 2 n
maXWZR; 2R";:b2R (W, y )— Eka + i=1 |

1
n
subject toy; (hx;; wi + b) i;and ; Oforalli=1;::n, 0
(2.17)
where is a parameter that controls the size of the margin. The dualrpblem
in this case can be derived as

- an .
max W( )= 3 i =p | jYink(Xi,Xr'b)

2.18
subjectto 0 % L Yi=0, L ( )

The resulting decision function has the same form as in the 8¥YM case. It
can be shown [SchSmo02] that, if the-SVM leads to > 0, the decision
function is in fact identical to the one which can be obtainedy a C-SVM
with C=1=.

The last open question is, what happens, if we have more thamsf two
classes to separate, lets sayl. Common strategies in this case are the
following [SchSmo02, pp. 211 - 213]

Construct a set of binary classi ersf @;:::;f M) each trained to sep-
arate one class from the restdne-against-restapproach). The ith
classi er computes a decision boundary between clasand the other
M 1 classes. An unseen test patterr is assigned to the class for
which the distance of the image (x) from the margin in the positive
direction (i.e. in the direction of classc) is maximal.

Construct a set of binary classi ersf @;:::; f (M DM=2) " egch trained
to separate one pair of classe®ije-versus-oneapproach). A classier
f () separating clas from classcreturns +1 if the image (x) of an
unseen test patternx has a positive distance from the hyperplane and
-1 otherwise. A return of +1 can be interpreted as a vote for aks
c while a return of -1 can be interpreted as a vote for class ~The
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pattern x is assigned to the class which gets the maximum number of
votes of all classi ers. At the rst glance this seems to be &s e ective
than the one-against-rest approach, since there ar®l( 1)M=2 binary
classi ers to train. On the other hand, the advantage of thismethod

is that the problems to be learned are usually easier (beca&usnly the
patterns belonging to two classes have to be taken into aced)y and
they are not as unbalanced as in the other approach. Espetyahith a
high number of classes one usually would get a high number agative
versus a small number of positive examples, which can causelgems
for the SVM to obtain a good generalization performance.

Formulate a multi-class version of the SVM (e.g. [WesWat9Q] This is
more elegant, but it takes longer to train a multi-class SVMsince it
has to deal with all support vectors at the same time. Binarylassi ers,
on the other hand, usually have much smaller support vectorets to
take into account.

Especially when RBF kernels are used, one can compare SVM#walassical
RBF networks (see e.g. [UltschVLNN99]). In both approachethe decision
function is computed as a linear combination of kernel funns (in this case
RBF kernels). What is di erent, is the choice of the RBF centes. In SVMs
this is done automatically, and one doesn't have to take cargbout it. In
RBF networks, the RBF centers are chosen usually as the cergeof the
clusters which are e.g. detected by th&-means clustering algorithm (e.g.
[JaiMurFly99]). Thus in RBF networks the decision functiondepends on the
identi ed cluster centers, while in SVMs the decision funaédbn depends on the
identi ed support vectors. This can be interpreted as clasgation based on
prototypes (RBF networks) versus classi cation based on éreme examples
(SVMs). However, experimental results (e.g. [SchSunBurliyPogVap97])
seem to show, that SVMs are superior to RBF networks.

At last it should be mentioned that SVMs are not only used for pttern
recognition, but also for complete function estimation, tat means what is
commonly referred to agegressionin classical statistics. | will not go into
any detail here, since in this thesis | will only focus on clascation, but
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a description on how to generalize the SVM algorithm for thigase can be
found e.g. in [SmoSch98].

2.2.3 Estimating the Generalization Capability

In 2.1 it was explained that the principle of structural risk minimization
leads to a hypothesis that allows us to generalize well, and 2.2.1 it was
pointed out that the idea behind SVM is to minimize a bound on lie risk.
The question is, how one can actually \measure\ the generaétion perfor-
mance of an already trained classi er. As it was already said 2.1, an exact
measure is not possible, since this would require the comptibn of (2.3) on
page 8. Thus we can only use statistical tools to estimate thgeneralization
capability. Again the problem is that we have a nite numbern of train-
ing examples from which we want to predict the error made on gunseen
set of data. Measuring the error obtained on the training dat would sys-
tematically underestimate the true error, because the claser has adapted
the learned hypothesis to exactly this data set and is biasad favor of its
elements (see 2.1). If we have a very large number of data, wancsimply
separate the data into one set which is used for training andhe independent
set, which should be as large as possible, and is used for itegt The clas-
si er is constructed on the training data only and then askedo predict the
output values for the data in the testing se The right answers are accu-
mulated and averaged by the number of points in the test set. his is the so
called accuracy [UltschVVL0OO]. Similarly one can accumulate the proportion
of errors on all testing data. This is theclassi cation error. Additionally

3The following terms are commonly used to describe the propeies of the classi cation
of an example &;y) with regard to a classc:

(x;y) is true positive (T+): pattern x was correctly put into the considered clas<.

(x;y) is true negative (T-): pattern x doesn't belong to classc and the classi er
correctly didn't put it there.

(x;y) is false positive (F+): pattern x doesn't belongc, but the classier put it
there.

(x;y) is false negative (F-): pattern x in fact belongs to c, but the classi er didn't
put it there.
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we can compute for each class the number of right answers wittgard to a
certain class in relationship to all data belonging in that kass &ensitivity)*
or, complementary, the number of data which was correctly nngut in a
certain class in relationship to all data which doesn't bely to that class
(speci city )°. Sensitivity and speci city are a measure for how well a ceatn
class is separated from the rest. At last for each class onenazalculate the
proportion of right answers with regard to a certain class oall data which
was in fact put in that class (ositive predictive valug®.

The main problem with holding out an extra test set is that in ader to get
reliable results one needs a very high number (e.g. 10,000s) of data in
the test set, because otherwise the evaluation may dependakidy on which
data points end up in the training set end which end up in the t&t set. Thus
one improvement in the case where not so many data are availals to usek-
fold cross-validationinstead (e.g. [Rojas96]). The data s is divided into k
subsets, and the hold-out method is repeatekitimes. Each time, one of the
k subsets is used for testing and the 1 other subsets are put together and
used for training. Then the accuracy/classi cation error $ averaged across
all k trials. The obvious advantage of this method is that it worksalso, if
E is small, because it matters less how the data gets divided. sjgecially
for very small data sets one can take the logical extreme antlansek = n.
That means every data point is viewed as one subset. In everyal n 1
data points are used for training and 1 for testing. This is dked leave-one-
out cross-validation This is the least biased estimate of the generalization
capability one can get with cross-validation. On the other &nd it is clear
that this is very computationally expensive, because it radres n training
runs of the classi er.

Another approach isbootstrapping The idea behind bootstrapping is
the following (e.g. [Rojas96]): Ourn training points are drawn from an
unknown probability distribution P. The bootstrap assumption is that we
can approximate this distribution by randomly drawing subamples from

#fT+g
#fT+g+# fF g
#1T g
#fT g +# fF g

Si.e. positive predictive value =

4i.e. sensitivity =
Si.e. speci city =

#fT+g
#fT+g+# fF+g
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the set E with replacement. Ink trials n data points are selected front
with replacement. That means each training point can be sa®d more
than once! Each time the classi er is trained on thesbootstrap samplesand
tested on the training points that were not in the bootstrap ample. Then the
accuracy/classi cation error is averaged across all trials. The higher k the
better is the approximation of the unknown distribution P, which means the
better is the estimation of the generalization performanceThe advantage
of bootstrapping is that one doesn't need much data to obtaiquite reliable
results. The disadvantage is that it is rather computationfly expensive.

Apart from these general approaches there exist especidily SVMs theo-
retical bounds on the leave-one-out error ([Vapnik98, Vapta00, ChaVapO00]).
Three of them are cited here:

Let be the size of the maximal margin and (x,);:::; (X,) the images
of the training patterns in features space which are lying whin a sphere of
radius R. Let  be the tuple of Langragian multipliers which are obtained
by maximizing functional (2.12) on page 16. Then the followiy holds true:

Theorem 1 (Vapnik [Vapnik98]): If the images of training data of
sizen belonging to a sphere of radiuR are separable with the corresponding
margin , then the expectation of the test error probability has theind

R? 1

1
EPerr ﬁE — :HE R2W?( ) (2.19)

where the expectation is taken over sets of training data ofesn.

That means that the generalization performance depends omég ratio
EfR2= 2g and not simply on the large margin . Following [SchBurVap95]
one can calculateR? by maximizing:

P
RZ:.max k(X Xi) i i K(Xi;Xj) (2.20)
subjectto ; ;=1; ; 0;i=1;:n
where =( ;53 n)-

Another bound was derived by Vapnik and Chapelle. It uses theoncept
of the span of the support vectors ([VapCha00, ChaVap00]):
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Theorem 2 (Vapnik, Chapelle [VapCha00, ChaVapO00]): Supposed
we have a SVM without threshold (that means we have a decisfanction
with b= 0). Under the assumption that the set of support vectors doestn
change when removing example p, we have

- )

1
EPS Y ZE —r 1 (2.21)
n p:]_ KSV pp
. . Ov O .
where R !f 0;1gis the step function (v) = 1 0’ Ksy is the
V>

n 1is the

matrix of dot products between support vectors in featureasge, P},

probability of test error for the machine trained on a samplef sizen 1 and
the expectations are taken over the random choice of the sémp

As the computation of the inverse of the matrixK sy is rather expensive,
one might ask, if there was an appropriate approximation. Irfiact one can

upper bound Ky op by k( [ChaVapBouMuk98] Thus one recovers
the Jaakkola-Haussler bound [JakHau99]
n 1 1 ( X . )
EPg, HE oK(Xp; Xp) 1 (2.22)
p=1

Other bounds also exist, but they will not be taken into consieration here.
In general all these bounds o er a less accurate estimate bt generalization
error than k-fold cross-validation, but they are computationally attactive,
because the SVM has to be trained just once. Additionally theshole training
set can be used rather than leaving out=k examples for each step d¢-fold
cross-validation.

2.3 The Problem of Feature Selection

So far the setX from which the training patterns are drawn was considered
to be any nonempty set. In practical situations, howeverX often will be a
vector space (e.gRY). Thus for the rest of the thesis there will be made the
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following assumptions:

Let D = f(Xi;y)jXi 2V;y; 2Y;i=1;::;ng be a set of labeled training
data where the training patternsxy;:::;Xx, are drawn from a vector spac&/
of dimensiond with a scalar producth; i and the labelsys;::;y, are taken
from a set of labelsY (in the two class caseY = f 1;+1g). Each vector
xT = (x;1; 5 Xiq) consists ofd feature or attribute values. Thus a feature
Xy is a vector Xy = (Xyt;; 55 %ne) T t = 1;:5;d. This notation will be used
during the rest of this thesis.

In the introduction there was already given a motivation forthe problem
of feature selection: We want to nd out the most important fetures of our
data to avoid over tting. Besides there might be other inteests. Especially in
biology one might not be interested so much in maximizing thgeneralization
performance of a machine, but in nding out the mosimeaningful features
(e.g. gene expressions) which give us the most knowledge @ththe domain
to study. This is a more problem oriented point of view, whichrequires a
de nition of what the term \meaningful" stands for in that co ntext. Since
this thesis doesn't deal with some special problem in biolpgor another
domain, we will stick to the Machine Learning point of view hee. Let's
clarify what feature subset selection from this point of vi& actually means.
Formally the problem of feature subset selection in Machineearning can be
addressed in the following two ways [WesMukChaPogVapOL1]:

1. Given a xed m d, nd the m features that give the smallest ex-
pected generalization error; or

2. Given a maximum allowable generalization error, nd the smallest
number m of features.

This should not be confused withfeature extraction as it is done e.g. in
Principal Component Analysis (e.g. [Duda73]) or Indepenaé Component
Analysis (e.g. [KwaChoChoO1]). In both methods new featuseare con-
structed from existing ones. The principal components obitaed by PCA are
a linear combination of the existing features and form an dnbgonal system.
In ICA, instead of the latter property, features are requird to be statistically
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independent. In contrast to feature extraction, in featureselection one wants
to nd \a subset of the original features of a data set such thaan induc-
tion algorithm that is run on data containing only these featires generates a
classi er with highest possible accuracy" [Kohavi97, p. 3]

Supposed we already knew the probability distributiorP from which the
data setP was drawn, then the problem of feature selection would not baf
much interest: The Bayes classi er is a classi er that predits the most prob-
able class for a given training pattern by means of the clasal Bayes rulé
(e.g. [RusNor95, p. 426, p. 588]). This requires the probdity distribu-
tion P to be known. The accuracy of the Bayes classi er is the thedreally
highest possible accuracy. The optimal Bayes rule is monaiic, which means
that adding features cannot decrease accuracy, and hencstrieting the rule
to a subset of features is never advised [Kohavi97]. In prazal situations,
however, the probability distribution P is not accessible, and thus the com-
putation of the optimal Bayes rule not possible.

Feature selection can be seen as a combinatorial problem:véi a set
of all features, nd out the combination of features that maxmizes the ex-
pected generalization capability (minimizes the expectedeneralization er-
ror). Especially if one wants to nd the smallest numbem of features which
minimizes the generalization error at the same time (spetiease of problem
2) one can show that this is a NP-complete problem [DavRus94]

In the literature there are two main approaches to solve thiproblem: the
so called wrapper approach and the so called Iter approacikKghavio7]. In
the Iter approach feature selection is done as a preproc@sg step to the
actual learning algorithm. That means rst the feature seletion algorithm
tries to select them most relevant features and after that the classier is
trained with the input data of dimensionality m: The term "relevant" here
refers to some de ned relevance measure. There exist a numioé di erent
de nitions in the literature for what that actually means (see e.g. de nitions
in [Kohavi97, pp. 4 - 5], [BluLan97, pp. 2 - 4]). The reason fahis variety
is that it depends on the question \relevant to what?". E.g. Bum and

’The Bayes rule or Bayes theorem is the following simple ruleiLet X;Y be random

variables. Then Pr(YjX) = %'
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Langley [BluLan97, pp. 2 - 4] distinguish between \relevamcto a target”
and \relevance to a sample/distribution": A feature X is said to be relevant
to a target classi er f , if there exists a pair of training examples and s such
that r and s dier only in their value of X and f (r) 6 f(s). This means
that X is relevant if there exists some example in the training datfor which
changing the value ofX would a ect the classi cation given by f. For the
concept of \relevance to a sample" Blum and Langley make a dirence
between \strong relevance" and \weak relevance". A featurX is said to be
strongly relevant to a sampleD if there exist examplesr and s that di er
only in their value of X and have di erent labels. Similarly X is strongly
relevant to target classi erf and the unknown distribution P from which D
was drawn, if there exist examples and s having non-zero probability over
P that di er only in their values of X and satisfyf (r) 6 f (s). This is just
like the de nition of \relevance to a target" exceptr and s are now required
to be in D (or having non-zero probability). A featureX is said to be weakly
relevant to sampleD (or target f and distribution P) if it is possible to
remove a subset of the features so tha¢ becomes strongly relevant.

The removal of features which are strongly relevant genehaldeteriorates
the performance of the classi er, while features that are va&ly relevant may
or may not have an in uence on the generalization performaec

A known problem of the lter approach [BluLan97, p. 8], [Koh&i97, p.
10] is that the selection of relevant features is done indepaently from the
actual performance of the classi er system. There is no intaction between
the feature selection algorithm and the learning algorithimbecause the (esti-
mated) generalization capability with regard to a selectedubset of features
is not used to determine the quality of the feature subset. Tk can lead to
the problem shown in [Kohavi97, p. 8], that the Iter algorithm selects fea-
tures which are detected as important due to the used releve® measure in
the algorithm, but in fact decrease the performance of thedening algorithm.
This may especially happen, if there is a relatively high coelation between
an irrelevant feature and a class label. The Corral dataseighKohP 94] is
an example for a possible scenario where this happens: Givera Boolean
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domain with 6 features AO, A1, BO, B1, | and C. The target cong# is simply
(AON A1) (B0~ B1)

The feature | is uniformly random, and the feature C matcheshe class
label 75% of the time. Thus a Iter algorithm might select C asa rele-
vant feature, although it doesn't contribute to the target cncept and hurts
performance.

In the wrapper approach on the other hand this probably won'tappen,
because each feature subset taken into account is evaluatgdthe estimated
generalization performance of the classi er system with thiee selected fea-
tures taken as an input. That means that for every potential glution there
is a direct answer from the learning algorithm, but it also mens that the
classi er has to be retrained every time, which can be rathezomputation-
ally expensive. What one wins, is a more reliable measure fbe importance
of a feature subset than with a separate relevance measureathmay have
an entirely di erent inductive bias. But that doesn't mean that a wrapper
method is always superior to a Iter approach. As for each caidered feature
subset there has to be one retraining of the classi er on thedining data,
minimizing a generalization error estimate, which is basedn the training
data as well, might lead to over tting! This might especialy happen, if the
same feature subset is considered multiple times. Unfortately this problem
is unsolved so far.

A wrapper algorithm performs a search in the space of all paske feature
subsets. Hence every allowed feature subset is a state instlsearch space.
Several strategies are imaginable to sample the search spad&specially if
problem 2 is given, a general strategy for a heuristic seargfould be either
to begin the search with an empty feature subset and succesdy add fea-
tures or with the full set of features and successively elimate features. The
rst case is calledforward selectionand the latter casebackward elimination
[Kohavi97, p. 9].

A completely di erent method to sample large search spaces given by
Genetic Algorithms which will be described in the next seabn.
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Figure 2.6: The wrapper approach to feature selection. The classi er isused to
determine the performance of each feature subset (sourceK$havi97, p. 2])

2.4 Genetic Algorithms

2.4.1 What are Genetic Algorithms?

Genetic Algorithms (e.g. [Whitley93, Goldberg98]) belondo a family of
search algorithms which are inspired by natural evolutionThese algorithms
encode a potential solution to a speci ¢ problem on ehromosomelike struc-
ture and apply recombination (crossovel) and mutation operators to these
structures. An essential idea is the principle of \survivaobf the ttest", which
means that potential solutions compete with each other in aay that those
chromosomes which represent better solutions to the targptoblem are given
more chances to \reproduce”. Genetic Algorithms have beeredeloped by
John Holland [Holland75] and his students (e.g. De Jong [Dedg75]), and
most theoretical work on Genetic Algorithms is referring tothis original
(canonical) Genetic Algorithm. Nevertheless there have been a plentyf o
variations by other researchers which adapted the origina@oncept to their
problems. Usually Genetic Algorithms are used in optimizain. That means
one wants to nd the optimum of some function' . Traditional optimization
techniques like gradient descent are local in scope. The opa they seek are
the best in a neighborhood of the current point. This causegqblems, if the
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function has many local optima or, even worse, if the gradiems not com-
putable. Enumerative search methods (e.g. the A*-algorith [RusNor95])
on the other hand are only applicable, if the search space iscrete and not
too large. The advantage of Genetic Algorithms is that on onéand one
doesn't need to know much information about the function to ptimize and
on the other hand they are applicable even if the search spaisevery large.
Genetic Algorithms are using random choice as a tool to guidehighly ex-
ploitative search through a discrete coding of the search ape. That means
the transition from one state in search space to another is g@abilistic, not
deterministic. Another characteristic of Genetic Algorihms is, that they
don't search from a single point, but from goopulation of points at the same
time. That means Genetic Algorithms are a global search predure, because
they parallelly explore the search space from many points. his way they
can avoid local optima. However, it should be mentioned thakenetic Algo-
rithms are not always the best choice. Depending on the prah at hand,
a traditional gradient descent may actually be much fasterhan a rather
computationally expensive Genetic Algorithm.

The rst problem when using Genetic Algorithms is how to encde po-
tential solutions of our optimization problem into a genomef an individual.
The easiest and most common way to do this is by means of a bigatode,
but other codings are also possible. Let's e.g. consider oments to nd the
maximum of the objective function' :f0;::;;255y! N; x 7! x2. Each point
x 2 f0;:::; 255 can be coded as a 8 bit binary number. Putting points to-
gether we get a population of individuals with chromosomed( :::; ks); b 2
f0;1g. Each chromosome corresponds to a certain value of tleealuation
function ' . As we want to maximize' , an individual is so much better the
higher the value of with regard to its genome is. This is expressed by means
of the tness value which is unique to each individual. Thetness function
maps the outputs of the evaluation function for the di erentindividuals in
the population to the tness value of one single individual.That means the
tness is de ned with respect to other members of the populadn. In the
canonical Genetic Algorithm the tness is de ned as ;= , where' ; is the
evaluation associated with individuali and' is the average evaluation of all
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individuals of the population [Whitley93, p. 4]. The tnessvalue can also
be assigned based on a ranking of the individuals ([Goldb&&y p. 124]).

The execution of the Genetic Algorithm can be seen as a two g@process
[Whitley93, pp. 5 and following]: It starts with the current population. Pairs
of individuals are selected with regard to their tness vale to create anin-
termediate population There exist di erent selection methods [Goldberg98,
p. 121]. The easiest one is to map the entire population onto raulette
wheel, where each individual is represented on the wheel byspace that is
proportional to its tness. The roulette wheel is rotated ard an individual
is chosen until the intermediate population is lled up. Tha the genomes of
each pair of the intermediate population perform a&rossoverand mutation.
That means they are exchanging parts of their genetic inforation, i.e. bits
of the number which represents the genome, and afterwardschait is ipped
with a small probability (e.g. 1%). The simplest way to perfom a crossover
is to randomly choose a crossover point, cut both chromososnat this point,
and swap the fragments between the two parents. Thus by recbining e.g.
(11110000) and (00001111) with crossover point 4 one woulet ¢11111111)
and (00000000). All the children which are obtained by crosger and mu-
tation are inserted into the next population Then the algorithm restarts
with using the next population as the current population. The process of
evaluation, selection, recombination and mutation formsree generation in
the execution of the Genetic Algorithm. Goldberg [Goldbel@g] refers to this
basic implementation as the Simple Genetic Algorithm (SGA)

2.4.2 Why do they Work?

The question is, why an algorithm like the one described abewhould do
any useful. The answer which is most widely given came out ofohand's
[Holland75] work. Holland argues that a Genetic Algorithmmplicitly sam-
ples hyperplane partitions of the search space (see e.g. [\My93, pp. 7 and
following]): Suppose we have a problem which can be encodedust 2 bits.
Thus the search space consists of the bit strings (00), (01)1,0) and (11). We
can view each bit string as the coordinates of a rectangle inZadimensional
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space. The left line of the rectangle contains all points théegin with O.

Figure 2.7: A 2-D search space

If \*" is used as a \don't care" or wild card symbol, then this line (or hy-
perplane of dimension 1) can also be represented by the stri(D*). Strings
that contain \*" are referred to as schemata Each schema corresponds to a
hyperplane in search space. Therder of a hyperplane refers to the number
of actual bit values that appear in its schema. Thus (1*) is obrder 1, while
e.g. (1**1**0***) would be of order 3. The de ning length of a schema is
distance between the position of the rst and the last actuabit value. E.g.
(1**1***0***) has a de ning length of 7, while (**0**1**) ha s a de ning
length of 3. All bit strings that match a particular schema ae contained in
the hyperplane partition represented by that particular shema. Ifl is the
length of the binary genome, there are'3li erent hyperplane partitions, be-
cause each position can be either 0, 1 or *. Each single genas& member of
2 hyperplane partitions, because each position may take orsiactual value
or *. That means a particular bit string is contained in 2 schematd. If we

8 Although this argumentation is made only for the case of a birary encoding, it should
be mentioned again that other encodings are possible, too. déWever, since a non-binary
alphabet can be translated into a binary one, without loss ofuniversality the theory of
Genetic Algorithms usually only considers binary encoding. Additionally several authors
have argued in favor for binary alphabets [Whitley93, Goldberg98], because they maximize
the number of hyperplane partitions: Suppose we want to repesent just the numbers 0,
1, ..., 9. With a decimal encoding of length 1 we can representl1, while with a binary
encoding of length 4 we can represent®3= 81 schemata. That means each particular
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have a population of size then the whole population is contained in 2to n 2!
schemata, depending upon the diversity of the population..d. usually there
are many more schemata than individuals in the population. fat means
many di erent hyperplanes are sampled each time a single dmosome is
evaluated. This fact is calledimplicit parallelism and veri es the idea of
using a population of sample points rather than just examinig one isolated
point in search space at once. A population of strings prowed information
about numerous hyperplanes. Especially low order hyperplas are sampled
very often. In his fundamentalSchema TheorenHolland [Holland75] proved
that over time the number of low order schemata with short dening length
and above average tness will exponentially increase whilltne number of
below average tness schemata will exponentially decreaséhat means Ge-
netic Algorithms achieve their goal by successively sampdi, recombining
and resampling low order, highly t schemata with a short dening length
to form strings of potentially higher tness. Due to their importance these
low order, highly t schemata with a short de ning length are called building
blocks Just as a construction worker creates a complex house fronmple
pieces of stone, a Genetic Algorithm searches for the optimuof a func-
tion by compiling building blocks. Since the number of belowaverage tness
schemata exponentially decreases in time, the average sgof a population
will increase in time and thus the algorithm will slowly conerge against a
local optimum.

decimal string contains just 10 schemata, while each partiglar bit string is contained in
2% = 16 schemata. Nevertheless, depending on the problem at hah a non-binary alphabet
can be sometimes useful. As a rule of thumb Goldberg [Goldbg®8, p. 80] suggests to
\select the smallest alphabet that permits a natural expression of the problem".
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Chapter 3

Some Existing Algorithms for
Feature Selection

3.1 Algorithms for Feature Selection

In the last chapter we have seen that the problem of feature Isetion is
an important issue for pattern recognition. It was said thatthere are two
main approaches to solve this problem: the Iter approach ahthe wrapper
approach. Both approaches dier in the way they evaluate a gen feature
subset. The wrapper method for every feature subset takertanconsideration
trains the classi er system and evaluates the feature sulidgy estimating the
generalization performance (i.e. the expected risk, if weant to use the vo-
cabulary of Statistical Learning Theory) of the learning mahine trained with
this feature subset of the original data. The Iter method onthe other hand
uses some relevance measure which is independent of theqrerance of the
learning algorithm. In the following there will be describd two popular lter
methods and one wrapper method, whereas Recursive Featurknination
was especially designed for SVMs.
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3.2 Filter Approaches

3.2.1 Fisher Criterion Score

The Fisher Criterion Score (e.g. [Duda73, WesEIliSchTipORis one of the
simplest Iter algorithms for feature selection. In the 2-ass case for each
featuret one computes the value

where ; is the mean of the values df belonging to class 1 and, the mean of
the values oft belonging to class 2, and, and , are the standard deviations
of class 1 and class 2. The idea behind this is, that the more @afure can
separate the distributions of class 1 and class 2, the bettiris.

If one has more than two classes, one can easily generalizis tb?

P 2 P 2 P 2
M M M 1
1 i i Fllit j =1 + i+ M i=1 i

— i8]
Ft_ P Al

where M is the number of classes. By means of the Fisher Criterion $€o0
a ranking for all features is computed. The more relevant théeature the
higher is the ranking. What characterizes the method is themplicit in-
dependence assumption between features that is made [GuydBarVap02].
Each coe cient F; is computed with information about a single feature and
does not take into account mutual information between feates. The Fisher
Criterion Score can be used for linear problems only.

3.2.2 Relief-F algorithm

The Relief-F algorithm as described e.g. in [KonHon97] is aare advanced
Iter approach than the Fisher Criterion Score. It is an extasion of the

1This is of course not the only way to generalize Fisher Criteton Score for more than
two classes. Similar to the multi-class approaches for SVMsne could also think about a
one-versus-one or a one-against-rest strategy.
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RELIEF algorithm introduced by Kira and Rendell [KirRen92] which origi-
nally couldn't handle multi class problems. The idea is, thiaa good feature
should be able to discriminate close pairs (with regard to ste given metric)
of training patterns belonging to di erent classes and, fuhermore, it is de-
sirable to have the same value for close pairs of training gatns of the same
class. To achieve this goal, for a given training pattern Rieff-F searches for
the k closest training instances of the same class and for tlhe (M 1)
nearest neighbors of the other classes (wheké is the number of classes).
The metric used to measure distances between training insieges is usually
the Manhattan distance. Then for a given featureX; = (Xg;;::;Xni )" the
score

X X Pr(class@)) drs;
1 Pr(class(t)) k

r2f 1zung clasgs)s classgr)
X X dr i

s;i

qXi) =

ra2f 1uing clasgs)= classgr)

is computed, wherer is the index of therth pattern which is chosen ran-
domly from the set of all training patterns, s runs over the neighbors of

and d,s; is dened asd,; = min c>sfxrran76&§<) 1 2. As Kononenko and
Hong show ([KonHon97]) the Relief-F measure approximatebld di erence

of probabilities
a(Xi) = Pr( xi 6 Xgijclass6) 6 class(r)) Pr(x.i 6 Xs;jjclass6) = class(r)):

Like Fisher Criterion Score Relief-F computes a ranking faall features, but
in contrast to this simple method it is able to deal with nonlhear problems

as well.
2range(X;) shall be the range of the values in featureX;, i.e. maxf x;ijj =1;::;ng
minf x;ijj =1;:5ng
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3.3 Wrapper Approaches

3.3.1 Recursive Feature Elimination

Recursive Feature Elimination (RFE) [GuyWesBarVap02] is avrapper me-
thod which performs a backward feature elimination (compar 2.3): The
idea is to nd the m features which lead to the largest margin of class sep-
aration. This combinatorial problem is solved in a greedy &hion. In the
2-class case the algorithm begins with the set of all featw@and successively
eliminates the feature which_induces the smallest change ihe cost func-
tion W2( )= L i 3 gj=r o YiYik(xiixj), where s the tuple
of the Lagrangian multipliers which are obtained by maximimg functional
(2.12) on page 16. As for SVM¥V?2 is a measure of predictive ability (and is
inversely proportionate to the margin | compare (2.19) on page 16), the al-
gorithm at each step eliminates the feature which keeps theuantity small.
Assuming that the change of the set of support vectors (and hee of the
tuple ) when removing only one feature is neglectable, this is dory

performing the following iterative procedure [WesEIliSchip02]:

Given a tuple  of Lagrangian multipliers as a solution of the SVM
learning algorithm, calculate for each featuré:

x
wi ()= YV K(XC X yy)
i;j =1
wherex 1), means that thetth feature from training vector x; has been
removed.

Remove the feature with the smallest valuBw (t) = w?( ) w(2 n( )
and retrain the SVM with the reduced set of features.

As one can see, this procedure requiresruns® of the SVM. If we are in
the hard margin case and the kernel function is linear (k(;x;) = Ix;;x;i)

3A possible speed up would be e.g. to remove half of the remaimj features one at a
time
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the algorithm removes the feature with the smallest valué; at each itera-
tion (where ! is the ith component of the weight vectorw = = ' | yix;).
RFE originally was designed to solve 2-class problems onbyt a multi-class
version can be derived easily, if the SVM is trained by diseninating one
class against the others [WesEIiSchTip02] or by building pawise classi ers.
For the latter case the idea is then to compute the valu®w(t) for each
pair of classesc and e and remove the feature which leads to the smallest
value MM D= Dw(t), whereM is the number of classes anBw.(t) is the
change in the cost function for the SVM that computes decisiboundary c.

RFE like Fisher Criterion Score and Relief-F computes a featte ranking.
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Chapter 4

Genetic Algorithms for Feature
Selection

4.1 Feature Selection by Means of Genetic
Algorithms

If one wants to use the wrapper approach explained in 2.3 to chan optimal
subset of features with regard to criterion 2 on page 24, onasito deal with
the problem that the search space is of siz€,2because every feature can be
either selected (\1") or not (\0") and thus every subset off O; 1g¢ is a potential
solution. A simple combinatorial search in this case for lge numbers ofd
(e.g. DNA micro array data with d  2;000) is infeasible. Thus Genetic
Algorithms have been applied to this problem a number of tinee before
(e.g. [FerKadKit93, BriBroMar92, RicLan96, RayPunGooKulJai00]). The
standard approach is to view each subset of the spab@; 1g® of all possible
feature combinations as the binary genome of an individuahd to evaluate
its tness by means of measuring the accuracy of the classrt.etrained on
the selected features of the input space, either on an indement validation
set or viak-fold cross-validation. This can be rather slow, especiglif k-fold
cross-validation is used to obtain a less biased estimatiordditionally in
the latter case we get a higher potential risk to overt, becase the same
feature subset has to be evaluated more often on the trainirtata .
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4.2 Genetic Algorithms for Feature Selection
using SVMs

If one uses SVMs as the classi er system then one can use onéefbounds
(2.19), (2.22) on page on page 22 to estimate the generalipat performance.
Thus instead of usingk-fold cross-validation to evaluate the tness of an
individual one can compute either the Jaakkola-Haussler bad or the R?W?
bound, which is much faster, because it requires to retrairhé classi er not
k times, but just once. This also reduces the potential dangef over tting
(see 2.3) which evolves from multiple evaluations of the sanfeature subset
of the training data. Additionally the whole training set can be used rather
than leaving out n=k examples for each step dft-fold cross-validation. In
the multi class case SVM learning can be done by separatingsses pairwise
(see 2.2.2). Thus in this case one can compute the bound forckegair of
classes and e and sum it up. The term R? in bound (2.19) is estimated by
the expression% 1 k(xi;xi) niZ |n1 _, k(xi; xj), which means that every

i = % in (2.20). However, there is one problem with using the geradization
bounds (2.19) respectively (2.22): They are only valid in # hard margin
case, i.e. if the classes are perfectly separable. Nevelgls, using a quadratic
penalty functiont C , ?in (2.15) it can be shown [CorVap95], that the
soft margin SVM can be just considered as a special case of ba¥d margin
version with the modi ed kernel

1
Ko%= K + =| 4.1
c (4.1)

wherel is the identity matrix and C a constant penalizing the training er-
rors. Thus each feature subset represented by one individua evaluated
by training a C-SVM with quadratic penalty function and computing the
bounds (2.19) respectively (2.22) using the modi ed kernehatrix (4.1).
This way for problem 2 on page 24 one can set up an evaluatiométion
of the following form: ' (g)= ( g) (# ffeatures selectedy), where

1This is the so called 2-norm C-SVM in contrast to the 1-norm CSVM explained in
section 2.2.2.

39



is a measure for the generalization capability of the SVM tiaed on the
feature subset represented by genongg and is a function which penalizes
the number of selected features. can be measured either agi one of the
bounds (2.19), (2.22) or in the traditional way by performing k-fold cross-
validation.

The Genetic Algorithm which was used here, is the so called CHalgo-
rithm [Eshelman91]. This is a non standard Genetic Algoritimn which uses a
much more aggressive and faster search strategy than the lenGenetic Al-
gorithm described earlier. The algorithm explicitly borrovs from the ( + )
strategy of Evolutionary Strategie$ [Rechenberg73, Schwefel81]: After re-
combination the best uniqgue members of the o spring generain replace
the worst members of the parent generation. This is callggbpulation elitist
strategy. It implies that the mapping of the evaluation value to a tness value
is just the identity. In contrast to the SGA the tness is thus not dependent
on the tness of the other individuals in the current populaton. The pop-
ulation elitist replacement method already guarantees csiderable selective
pressure, so that there is no need for traditional selectianechanisms. Thus
CHC uses random selection, but restrictions are imposed orinieh individu-
als are allowed to mate. In binary encoding genomes have tovkaa certain
Hamming distance, before they are allowed to reproduce. Biorm of incest
prevention is used to assure diversity. Instead of the usualossover oper-
ator Eshelman uses a special uniform crossover, called HUMalf Uniform
Crossover). Exactly half of the di ering genes are exchangebetween two
mates. No mutation operator is applied during crossover. GElis typically
run on small populations. Eshelman proposes a populatioresi of 50. With
such small populations, however, the algorithm fastly begs to reproduce
individuals of a similar form, which sooner or later leads tthe fact that no
individuals are allowed to mate any more. At this point a speal mutation
operator, called Cataclysmic Mutation, is used. The best dividual is left
untouched, but all others undergo heavy mutation (e.g. Eslman proposes
a mutation probability of 35% per gene) by using the best ingidual as a

’2Inthe ( + ) strategy parents produce o spring. The population is then reduced
again to individuals by selecting the best solutions from both parerts and o spring.
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template. After Cataclysmic Mutation the search is restared using only
HUX.

Sometimes one is not interested in nding the smallest numiben of fea-
tures which maximizes the generalization capability at theame time (special
case of problem 2 on page 24), but one has a given numimerof features
and just wants to nd the optimal combination of m features (problem 1 on
page 24). In this case of course the search space is much ssnalbecause
only the m-subsets of features have to be taken into account. These any

which is much less than 2 Using a Genetic Algorithm like above
m

in this case would be ine cient. Restricting the binary codeto just m \1"
would make trouble using the HUX-operator on the other handTherefore
in this case it is reasonable to switch from binary to a decinha&ncoding
(C1;:6n) Whereg 2 f1;:::;dg (i = 1;:::;m) indicates the number of the
feature which is selected. Of course one has to make sure tleaich ¢ just
appears once in the code. Like in the binary case one can fotate the
HUX for decimal codes as well. Because the genomes are muabrtgn with
decimal index encoding than with binary encoding the probality to mutate
was set from 35% to 50% for each gene.

Now it is interesting to see, how di erent tness functions h uence fea-
ture selection. Therefore 6 di erent Genetic Algorithms wee formulated:
three for the case wheran is xed and three for the case wheram is not

xed:
1. misnot xed, and the evaluation function is given by

# ffeatures selectedy
d

' (g) =accuracy(g) 1 0.001

Let's call this algorithm GAAcc. The accuracy can be measudeeither
on an independent validation set or viak-fold cross-validation. This
refers to the traditional approach presented in the last séon. The
goal of the term Q001 *Mfeauresselectedd g 1o preak a tie for smaller
feature subsets. The constant 0.001 aims to be lower than tistan-

dard deviation of the estimate of the generalization perfanance for
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the feature subset represented by genonge
2. mis not xed, and the evaluation function is given by

# ffeatures selectedy
d

'(9) = R?W?@ 1+0:001

Let's call this algorithm GAR2W2.

3. misnot xed, and the evaluation function is given by
!

X # ffeatures selectedy
' (g) = o k(x@:x®)  1+0:001 5

p=1

The notation x9 indicates, that the features encoded in genontgare
selected from training vectorx. The step function in the bound (2.22)
on page 23 has been removed to smoothen the tness functionhish

helps the Genetic Algorithm to converge. Let's call this algrithm

GAJH.

4. m is xed, and the evaluation function is given by

' (9) = accuracy(g)

Let's call this algorithm m-GAAcc. A penalty function of course in
this case is due to the xedm not necessary.

5. mis xed, and the evaluation function is given by
(9= R*W¥g)
Let's call this algorithm m-GAR2W?2.

6. m is xed, and the evaluation function is given by
X

(9= o KOXix()
p=1
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Let's call this algorithm m-GAJH.

GAAcc, GAR2W?2 and GAJH were stopped, if the best solution did't change
for the last 200 generations and at least 10,000 generatiomad been com-
puted. For the m-GAAcc, m-GAR2W2 and m-GAJH at least 1,000 genera-
tions were necessary.

4.3 Optimizing Kernel Parameters with Ge-
netic Algorithms

The Genetic Algorithms described above can also be used fhetoptimiza-
tion of the regularization parameterC in equation (4.1). If we have a binary
genome b;::;;ky); b 2 £ 0;1g; we can simply concatenate a binary repre-
sentation of the parameterC (see also [Goldberg98, pp. 82 - 84]) and run
the algorithm GAAcc, GAR2W?2 respectively GAJH on the new geome.
That means we are trying to select an optimal feature subsetnd an op-
timal C at the same time. This is reasonable, because the choice oé th
parameter C is in uenced by the feature subset taken in to account and ve&
versa. Usually it isn't necessary to consider any arbitraryalue of C, but
only certain discrete values, e.g. :001;0:01; 0:1; 1; 10, 10GQ 1000 respectively
10 3,10 2;10 %;10°;10%; 10%; 1C°. With just 3 bits we can code the numbers
0;:::;7, or, if we shift this representation by 3, the numbers 3;::;4. If
we interpret these numbers as powers of 10, then we get a cagifor the
possibleC values 0001 0:01; 0:1; 1; 10, 100 100Q 10000. In a similar manner
one could use Genetic Algorithms to optimize e.g. the paraneg for the
RBF kernel.
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Chapter 5

Experiments

5.1 What and how to Compare

If we want to compare the algorithms described in this thesisthere are
arising the following interesting questions:

1. How do Genetic Algorithms in general behave in comparisonith
Fisher Criterion Score, Relief-F and RFE?

2. Does the choice of the tness function for the Genetic Algithm have
any in uence on the generalization performance?

3. Is the performance of the Genetic Algorithm improved by dpnizing
the regularization parameterC within the algorihm?

4. Do wrapper algorithms win over lter methods?

Of course it should be clear beforehand that the answers togbe questions
depend on the data sets which are investigated. Here two adial data sets
as well as two real life data sets (DNA micro array data) are ten into
account.

Before we go on to the experiments, we have to think about thest and
the last question a little more: Fisher Criterion Score, Re&f-F and RFE
return a ranking of all features. Thus one always has to say Wwomany
features one actually wants to select. This corresponds tagblem 1 on
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page 24 and hence is easily comparable to the-GA algorithms. However,
if we don't know the appropriate number of features beforelmal, what are
we doing then? With Genetic Algorithms this is no problem, buwith the

other methods there is no other way than trying out di erent \alues ofm and
choosing the one which induces the least estimated genezation error. This
error can then be compared to the one achieved by the GAAcc, RRW2
respectively GAJH algorithm with binary encoding. Additionally we can look
at the number of features selected by these Genetic Algorithin comparison
with each other and to the bestm of the other methods.

Another important question is, what observed di erences keeen test
errors are reallysigni cant, i.e. are that high that they cannot be interpreted
as just statistical artifacts. To decide this question one eeds a statistical
test. The corrected resampled-test by C. Nadeau and Y. Bengio [NadBen00]
Is such a statistical test, which has been recently proposéd compare the
performance of di erent learning algorithms. Lein; be the size of the training
set, n, be the size of the test set and the number of (dependent) trials
over which the obtained test errors’;; j = 1;:::;J are averaged. Let ..1J
be this average for algorithm 1 and ?J be this average for algorithm 2.
Usually J is chosen greater than 1 to obtain more reliable results (e.m the
following experimentsJ = 8;30;50). Now we want to test the hypothesis

Ho : ..1J sz = 0 at signi cance level 1 . According to the corrected
resampledt-test, Hy is rejected at signi cance level 1, if
S
1 n
2 >ty 2o Z+ 2 g2 5.1
; 1 =23 1 J N J (5.1)

where S7 is the variance of " "7 ; j = 1;::;J for the error rates"} for
algorithm 1 respectively"j2 for algorithm 2, andt; -, ;isthe1l =2
quantile of the Studentt; ; distribution (i.e. the Student t distribution
with J 1 degrees of freedom). The corrected resampletest assumes the
di erences 11 Jz to be approximately normally distributed. (This can be
veried by using e.g. the 2-test). The test behaves very conservatively,

which means the probability of rejectingH, when Hq is actually true is
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smaller than the prescribed . Thus the test might state that a certain
observed di erence of results is not signi cant although itactually is, more
often than one might expect by the signi cance level of . For the following
experiments a signi cance level of 95% was used.

5.2 Data Sets

5.2.1 Toy Data

5.2.1.1 Linear problem

The arti cial data set is created as described in [WesMukCH2ogVap01]: Six
dimensions of 202 were relevant. The probability of the twolassesy = 1
andy = 1 was equal. The rst three featuresf X 1; X5; X3g were drawn
as X; = yN (0; 1) and the second three featurekX 4; Xs; Xsg were drawn as
Xi = N (0; 1) with a probability of 0.7, otherwise the rst three were diawn
asXj = N (0;1) and the second three aX; = yN (i 3;1). The remaining
features are noiseX; = N (0;20), i = 7;:::;202, and the rst six features
still have redundancy. Figures 5.1 - 5.3 show how well the 2askes can be
separated by just 2 features on a training set of 100 points.o# one can see,
the quality of the separation depends heavily on which feates are selected.
Features 3 and 6 induce a very good separation, while featarg and 3 are
much worse and e.g. features 4 and 5 fail completely.

5.2.1.2 Nonlinear problem

2 dimensions of 50 were relevant. Each featud¢ (i = 1;:::;50) was drawn
uniform randomly from the interval (0, 1). Two classes wereigen, andy was
determined by the formulay = 2 (max(0; sgn(X; 0:5)) XOR max(0; sgn(X ,
0:5))) 1. Figure 5.4 shows the classi cation induced by features ha 2 on
a training set of 100 points.
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Figure 5.1: Linear toy problem: separation of classes indett by combina-
tions of 2 features which are taken from the rst six ones (bl = class +1,
red = class -1).
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Figure 5.2: Linear toy problem: separation of classes indett by combina-
tions of 2 features which are taken from the rst six ones (bl = class +1,
red = class -1).
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Figure 5.3: Linear toy problem: separation of classes indest by combina-
tions of 2 features which are taken from the rst six ones (bl = class +1,
red = class -1).

49



Figure 5.4: Nonlinear toy problem: separation of classesdinced by features
1 and 2 (blue = class +1, red = class -1).

5.2.2 Real life data
5.2.2.1 Colon cancer

The Colon cancer problem is described e.g. in [AloBarNot&ibaMacLev99]:
62 tissue samples probed by DNA micro arrays contain 22 norinand 40
colon cancer examples. These two classes have to be discrated by the
expression of 2,000 genes.

5.2.2.2 Yeast data set

The Yeast micro array data set (Brown Yeast data set, see e.fRPavWes01])
consists of 208 genes that have to be discriminated into 5 st&s based on 79
gene expression values corresponding to di erent experimal conditions.
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5.3 Results

5.3.1 Toy Data
5.3.1.1 Linear problem

30 instances of 100 training points were created. The soloii returned by
each algorithm was tested on 10,000 independent test pointdll data was
scaled to the interval [-1, 1]. For the GAAcc algorithm the tness of each
individual was determined by means of 4-fold cross-validan. In the exper-
iment where the number of features to be selected is xed) was set to 24.
A 2-norm C-SVM with a linear kernel was used. The regularizadn parame-
ter C was determined by trying out the values @01 0:01; 0:1; 1; 10, 100 1000
and running a complete experiment with each value. Afterwas the C which
induces the best average test error was picked. The averagsults over 30
trials are shown in table 5.1.

For m = 2 there is a signi cant di erence between the lter and the
wrapper methods. While Fisher Criterion Score and Relief-lhave about
15% test error, the other methods obtain around 3%. All wrapgr methods
nd the important features 3 and 6 in most cases (2-GAR2W2, Z3AJH,
RFE 29/30, 2-GAAcc 27/30 ), but Fisher Criterion Score and Rief-F select
features 2 and 3 in all respectively in 29/30 cases. 2-GAAceorms worse
than 2-GAR2W?2 and 2-GAJH, but not signi cantly.

For m = 4 the situation is di erent. Now RFE performs best by nding
the relevant features 2, 3, 5, 6 in 27/30 cases. 4-GAR2W?2 and3AJH select
these features in 25/30 cases, and 4-GAAcc only in 5/30 cakeBhe lter
algorithms use them in only 4/30 cases and select features2,,3, 6 in 20
(Fisher Criterion Score) respectively 24 cases (Relief-k)stead. Although
directly from the test errors there can't be quoted a signi eant di erence
between any of these algorithms according to the correctedsampledt-test,
this suggests | as it was already suspected in 4.2 | that the problem of
over tting is more serious for 4-GAAcc than for 4-GAR2W2 repectively
4-GAJH, because the classi er has to be retrained on the sandata more
often.
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If m is not xed, GAAcc performs better than GAR2W2 and GAJH.
This is a somewhat astonishing, since with a xedn it wasn't. Obviously
the over tting problem of cross-validation in a much largersearch space is
less serious here. Nevertheless the di erence to GAR2W2/GHA is not sig-
ni cant as well as the dierences to the best Fisher Criteria Score, best
Relief-F and best RFE algorithm in the case wher€ = 1. Table 5.2 shows
the number of features which are selected by the Genetic Algithms. GAAcc
selects 4 features on average for both = 1 and C not xed, which is the
same as for the best Fisher Criterion Score/Relief-F/RFE glorithm. In con-
trast to this GAR2W?2 selects 13 respectively 16, and GAJH 12spectively
18 features. The features selected by GAAcc where among thest 6 in
29/30 cases. Obviously the less accurate estimate of the gaadization error
by GAR2W2 respectively GAJH leads to a substantially highenumber of
selected features.

5.3.1.2 Nonlinear problem

Like in the linear problem, 30 instances of 100 training pois were created,
and the solution returned by each algorithm was tested on 1@0 independent
test points. All data was scaled to the interval [-1, 1]. For he GAAcc
algorithm the tness of each individual was determined by mans of 4-fold
cross-validation. As the Fisher Criterion Score cannot haite nonlinear data
this method was not taken into consideration. In the experiment where the
number of features to be selected is xedmn was set to 2. A polynomial
kernel of the form k;y) = (0:5 hx;yi)? was used. The parametecC in
the cost function for the 2-norm C-SVM was set to 1000 followg the same
procedure as described above. The average results over 3@l¢rare shown
in table 5.3.

In contrast to the linear problem above there is no advantagéor the
wrapper methods, ifm = 2. All algorithms nd out the relevant features 1
and 2.

For m not xed the situation is completely di erent: While GAAcc selects
on average 3 features and obtains a test error around 3% fortbcexperi-
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ments, GAR2W2 and GAJH fail completely with C = 1000 and perform
still signi cantly worse than GAAcc, if C is not xed beforehand. The dif-
ference between GAR2W2 and GAJH is not signi cant in both cass. As
one can see in table 5.4, GAR2W?2 doesn't select essentiallypna features
than GAAcc and also nds the important features 1 and 2. The st reason
why it performs much worse than GAAcc nevertheless with rega to the
test error is that in this problem each additionally selecté unimportant fea-
ture extremely decreases the generalization capability. hE second reason is,
that instead of selecting a highC value GAR2W2 and GAJH always choose a
small value of 1 or 0.1. Obviously for this problem th&?W ? respectively the
Jaakkola-Haussler bound are not appropriate, because thepn't measure
the real generalization error precisely enough. Nevertlesls one should not
infer from this result, that GAR2W?2 respectively GAJH are na applicable
to nonlinear problems in general.

5.3.2 Real-life data
5.3.2.1 Colon cancer

The data was split into a training set of 50 and a test set of 12f 50 times,
and results were averaged over these 50 trials. The data wasrmalized to
mean 0 and standard deviation 1 for each feature. For the GAA&algorithm
the tness of each individual was determined by means of 104 cross-
validation. In the experiment where the number of featuresa be selected is
xed, m was set to 2050; 100 250 500 1000. A linear kernel with a 2-norm
C-SVM was used. The paramete€ in the cost function for the C-SVM was
set by the same procedure as described above. The resultsstrewn in table
5.5.

Form m xed m-GAAcc is the overall worst performing algorithm, es-
pecially if m is small. Form = 20 the di erence to the other methods is
signi cant (gure 5.3.2.1). This can be interpreted as an ogr tting problem
in the same way as mentioned above. As the number of subsetshi evalu-
ated is higher the smallem is, the over tting problem becomes less serious
with increasingm. Other di erences are not signi cant form xed according
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to the corrected resampled-test.

m-GAJH gives the best results with just 20 features, Fisher @erion
Score with 50, Relief-F with 100, RFE with 250, andn-GAAcc and m-
GAR2W?2 need 500 features. The result obtained by 500-GAR2W2 com-
parable to the RFE with 250 features and slightly worse thanhe Relief-F
with 100 features, while the result of 500-GAAcc is almost thsame as 20-
GAJH.

If m is not xed, GAR2W2 and GAJH are both better than GAAcc
again. For C = 0:01 GAAcc performs signi cantly worse than the best
Relief-F algorithm. In the case whereC is not xed, the di erence between
GAAcc and GAR2W2/GAJH is signi cant ( gure 5.3.2.1). Both G AR2W2
and GAJH seem to win something i€ is optimized by the Genetic Algorithm,
whereas GAAcc doesn't. GAR2W2 and GAJH reach approximatelyne same
test error as the best RFE in this case. They are only slightlyorse than
the best Relief-F algorithm.

GAR2W2 and GAJH select substantially more (around 200 respgvely
400) features than GAAcc (around 40 respectively 50 | see tale 5.6). This
essential di erence corresponds to the results of the othdata sets. It should
be compared to the 250 features selected be the best RFE, leatfires
selected by the best Relief-F and 50 features selected by thest Fisher
Criterion Score algorithm (gure 5.3.2.1).

5.3.2.2 Yeast data set

8-fold cross-validation was performed on this data for all ethods. That
means that the data was split into 8 sets of 26 examples, andobatime one
of these 8 sets was used for testing, and the remaining 7 set®r(sisting
182 examples) for training. Afterwards results were averad. The data was
normalized to mean O and standard deviation 1 for each feawir For the
GAAcc algorithm the tness of each individual was determind by means of
7-fold cross-validation. In the experiment where the numbeof features to
be selected is xedm was set to 1020; 40. A linear kernel with a 2-norm C-
SVM was used which discriminates classes pairwise (onestes-one method).
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The parameter C in the cost function for the C-SVM was set by the same
procedure as described above. The results are shown in tabl&.

For m = 10 Relief-F is signi cantly worse than 10-GAR2W?2. This aga
shows the potential problems of a Iter method. Like in priorexperiments
m-GAR2W2 and m-GAJH are always better thanm-GAAcc, but this is not
signi cantly here.

Interestingly m-GAAcc gives the best results with only 10 features, while
Relief-F needs 20 and the other algorithms 40 features ( gar5.3.2.2).

If mis not xed and C = 100, GAAcc performs the same as GAR2W?2
and a bit worse than the best RFE and the best Fisher CriteriorScore
(gure 5.3.2.2). Butif C is determined by the Genetic Algorithm, GAR2W2
is better than GAAcc and GAJH. Like in prior experiments, the Genetic
Algorithms using bounds seem to win something, @ is optimized during the
search process, while this is not the case for the GAAcc algbm. However,
according to the corrected resampled-test the di erences between all the
algorithms are not signi cant. Table 5.3.2.2 shows the nundr of features,
which are selected by the Genetic Algorithms. Like in priorgeriments, the
GAAcc algorithm selects the fewest features (9 1 for C =100,8 1forC
not xed). GAR2W2 and GAJH need about three times as many feaftres
(GAR2W2 23 3/23 2, GAJH 26 3/23 2) which should be compared
to 40 features taken by the best Fisher Criterion Score and FFrespectively
20 taken by the best Relief-F (gure 5.3.2.2).
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Experiment type

Method (average % test error

standard deviation)

m | C GAAcc | GAR2W2 | GAJH | Fisher | RelieF | RFE | no feat. sel.

2 1 34 3 28 16 |28 16|15 04| 15 04 | 28 16 93 5

4 1 26 13| 1.3 1.3 |12 08|18 2|14 06)|1.05 07 93 5

not xed |1 16 12| 25 15 |34 38 93 5
not xed 15 1 32 2 35 21




number of selected features
(average number standard deviation)

C GAAcc \ GAR2W?2 \ GAJH
1 4 1 13 3 12 4
not xed 4 1 16 4 18 4

Table 5.2: Linear toy problem: number of selected features
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Experiment type

Method (average % test error

standard deviation)

m | C GAAcc | GAR2W2 | GAJH | RelieF | RFE | no feat. sel.

2 1000 1.6 09| 1.6 09 | 1.6 09|16 09|16 09| 413 0.9

not xed | 1000 3 16 369 13| 352 2 413 0.9
not xed | 25 13| 135 43 |167 43




number of selected features
(average number standard deviation)

C GAAcc \ GAR2W?2 \ GAJH
100 3 1 29 3 25 3
not xed 3 1 4 1 6 2

Table 5.4: Nonlinear toy problem: number of selected feates
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Experiment type

Method (average % test error

standard deviation)

m | C GAAcc | GAR2W2 GAJH Fisher | Relie-F | RFE | no feat. sel.
20 0.01 228 105 | 158 93 | 16:3 104 15 94 147 88 | 163 95 162 94
50 0.01 20:3 103 16 9 167 94 |14:8 91| 143 98 | 162 91 162 94
100 0.01 197 106 | 15.7 95 172 91 152 97 | 143 95| 163 87 162 94
250 0.01 172 11 162 838 167 89 157 9 165 10 | 15:8 8:3 162 94
500 0.01 16:3 8:7 | 15:3 9:1 165 9 172 9 155 94 16 94 162 94
1000 0.01 172 85 | 167 97 167 94 178 81 16 93 163 94 162 94
not xed | 0.01 21:3 12 16:2 9 175 85 162 94
not xed || 2.7 108 | 15:5 8.7 158 9.3




number of selected features
(average number standard deviation)

C GAAcc | GAR2ZW2 |  GAJH
100 | 42 20| 221 14 236 17
not xed | 49 30| 382 35 388 35

Table 5.6: Colon data set: number of selected features
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Figure 5.5: Colon data set: select xed number of features

62



Figure 5.6: Colon data set: no xed number of features
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Figure 5.7: Colon data set: number of selected features
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Experiment type

Method (average % test error

standard deviation)

m | C GAAcc | GAR2W2 | GAJH | Fisher | Relief-F | RFE | no feat. sel.

10 100 58 5| 43 48 |53 41|87 84 |115 62|58 41 38 36

20 100 6.7 57 53 5 67 57|58 58|53 35|58 58 38 36

40 100 63 46| 38 41 |38 41|39 41|58 46 |34 38 38 36

not xed | 100 48 4 | 4.8 48 58 5 38 36
not xed 53 5| 34 32 |43 43




number of selected features
(average number standard deviation)

C GAAcc \ GAR2W?2 \ GAJH
100 9 1 23 3 26 3
not xed 8 1 23 2 23 2

Table 5.8: Yeast data set: number of selected features
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Figure 5.8: Yeast data set: select xed number of features
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Figure 5.9: Yeast data set: no xed number of features
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Figure 5.10: Yeast data set: number of selected features
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Chapter 6
Discussion of Results

In the last chapter di erent Genetic Algorithms were compaed with each
other and with Fisher Criterion Score, Relief-F and RFE on tw toy data
problems as well as on two real life data sets. On real world tdasets the
GAAcc/m -GAAcc algorithm shows in some cases a signi cant over ttig
problem. Here is an advantage of the GAR2W2h-GAR2W2 respectively
GAJH/ m-GAJH algorithm. Both algorithms have a comparable perfor-
mance, GAR2W2/m-GAR2W2 being slightly better in most experiments.
If mis not xed beforehand they select about the same number ofdtires,
which is substantially higher than the number obtained by GAcc. Espe-
cially GAR2W2 and GAJH benet from the optimization of the parameter
C within the Genetic Algorithm. The average test error of GAR2V2 with
parameter optimization is on real life data comparable to a RE for which
kernel parameters and the appropriate number of features determined by
multiple trials. However, the number of selected features, except on the
Yeast data set, higher. Comparing computation times, one ads for one run
(that means for one ofJ trials) of GAR2W2 with parameter optimization
on the Colon data set about 30 minutes on a Pentium IV with 2 GHzOne
run of a RFE takes about 2 minutes, but to determine the regul&ation
parameter (0001 0:01;0:1; 1; 10, 100 1000) and the appropriate number of
features (2050; 100 250 500 1000) one would need all in all 76 = 42 runs.
Thus in fact it takes 42 2 = 84 minutes, which is almost 3 times more than
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with GAR2W2! Thus in fact one can save time using GAR2W2 instal of
multiple runs of RFE.

Fisher Criterion Score and Relief-F are in some cases sigrantly worse
than e.g. m-GAR2W?2 (see Yeast data set, linear toy data set). Especigll
the linear toy data shows the drawback of Iter methods. Whig form = 2
none of the wrapper methods had problems nding the importanfeature
subset, the Iter algorithms signi cantly failed. That shows that wrapper
algorithms o er a more reliable measure of importance for &ure subsets
than Iter approaches which induce a separate inductive b by means of
the importance measure taken (compare 2.3).

As a general conclusion from the experiments shown above @am state
the following:

Genetic Algorithms using cross-validation to evaluate a gen feature
subset show in some cases a signi cant over tting problem.

Using leave-one-out error bounds instead is an alternativdt leads to
a better generalization performance in most cases, but ifémumber of
features to select is not xed beforehand, a higher number éatures
Is selected than with cross-validation.

Optimizing kernel parameters within the Genetic Algorithmis useful,
especially if leave-one-out error bounds are used.

Genetic Algorithms using theR?W 2 bound show a comparable general-
ization performance to RFE. The number of selected featurésin most
cases a bit higher. If the number of features is not xed befehand
and kernel parameters are optimized within the Genetic Algahm,
one can in fact save time by using such an algorithm instead mfnning
RFE multiple times to determine kernel parameters and an apppriate
number of features. If the number of features to select is kwa before-
hand, however, Genetic Algorithms don't o er these advantges any
more. Thus in this case Genetic Algorithms are not recommeadle.

Filter methods are partially signi cantly worse than wrapper algo-
rithms.
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It has to be mentioned that the signi cances, which were fouhhere, depend
on the used statistical test. Hence a more liberal statistéd test might have
found more signi cant di erences. It is also important to understand, that
the termination conditions of Genetic Algorithms have an iruence on the
obtained results. Finally the experimental results dependn the data sets
used.
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Chapter 7
Conclusion

This Diploma Thesis dealt with the problem of feature sele@n for Sup-
port Vector Machines by means of Genetic Algorithms. Feater selection is
an important issue in Machine Learning and of great practiéamportance,
e.g. in bioinformatics. Especially in this domain we have da with very
high dimensionality (> 1000), but only a few features are relevant to obtain
the best possible generalization performance of our leamgi machine, e.g.
Support Vector Machine. The two central problems of featureelection are

What does the term \relevant" mean, i.e. what is an approprite rele-
vance measure for features?

How can relevant features be found?

Formally the problem of feature subset selection in Machineearning can be
addressed in the following two ways:

1. Given a xed m d, nd the m features that give the smallest ex-
pected generalization error; or

2. Given a maximum allowable generalization error, nd the smallest
number m of features.

This should not be confused with feature extraction as it is@he in PCA
or ICA. Two general approaches are known to solve the featuselection
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problem: the lIter approach and the wrapper approach. In a ter method

feature selection is performed as a preprocessing step te thctual learning
algorithm, i.e. before applying the classi er to the seleed feature subset.
Features are selected with regard to some prede ned relex@ameasure which
is independent of the actual generalization performance thfe learning algo-
rithm. This can mislead the feature selection algorithm. Wapper methods,
on the other hand, train the classi er system with a given feare subset as
an input and return the estimated generalization performate of the learning
machine as an evaluation of the feature subset. This step ispeated for each
feature subset taken into consideration. Thus the wrapperm@roach requires
multiple training runs of the learning machine on the trainng data and hence
induces a potential danger of over tting, especially, ik-fold cross-validation
is used as an estimator of the generalization error, becaube same feature
subset has to be evaluated times.

The problem of feature selection can be viewed as a combindab task:
Given the set of all features, nd out the combination of featres that min-
imizes the expected generalization error. Especially if weave very high
dimensional data, e.g. DNA micro array data, the search spags too big to
perform an exhaustive search. Thus Genetic Algorithms as neexhaustive,
stochastic search methods o er a natural way to explore theearch space.
This has been done before in combination with cross-validah and a binary
encoding of the search space.

In this thesis Support Vector Machines are used as the leang machine
and thus one can take existing theoretical bounds for the geralization error
instead if cross-validation to evaluate a given feature ssbt. On hand hand
these bounds give a less accurate estimate of the generdia error. But
on the other hand they reduce the potential danger of over ihg, if they
are used within a wrapper approach. Additionally they are aoputationally
attractive. If the number of features to be selected is xed rad hence the
search space is much smaller than with a variable number ofesgted features,
we can use a decimal encoding, which is much more e ciently &m a binary
encoding that representes all possible feature subsets aiyasize. If the
number of features to be selected is not xed beforehand, thesual binary
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encoding was taken. Additionally to the selection of a feate subset, one
can optimize kernel parameters such as the regularizatiomm@mmeterC of the
SVM by means of Genetic Algorithms. This is reasonable, bacse the choice
of the feature subset has an in uence on the appropriate keehparameters
and vice versa.

Existing algorithms such as Fisher Criterion Score, Relidf and Recur-
sive Feature Elimination were compared to Genetic Algoritms using cross-
validation and to Genetic Algorithms using two di erent error bounds on two
toy problems and two DNA micro array data sets. Hereby Recurge Feature
Elimination is a heuristic wrapper algorithm which was espmally designed
for SVMs, and Fisher Criterion Score and Relief-F are two kr algorithms.
As a conclusion of the experiments one can state that Genetidgorithms
using the R2W?2 bound and optimizing various kernel parameters are a rec-
ommendable alternative, if the number of features to selees not known
beforehand. It reduces over tting in comparison withk-fold cross-validation
in most cases. Additionally, in comparison with running RFEmultiple times
to determine the kernel parameters and an appropriate featel subset, one
in fact saves time.

A further application of Genetic Algorithms in Machine Leaning could
be e.g. to construct features as products from existing oneather than
searching for feature subsets. The Genetic Algorithm coulde used to nd
the products which give the smallest expected generalizati error. This way
maybe one could detect nonlinearities in the data. The sedrspace in this
case is much bigger than for the problem of feature selectioispecially if
Support Vector Machines are used, one could try a similar $egtg as de-
scribed in this thesis and evaluate a given set of products byeans of the
bounds for the generalization error which were describedree This should
be subject to further investigation.
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Appendix A

Implementation

A.1 Program Description

All feature selection algorithms which are presented in tkiwork are im-
plemented in a program \Featuresel". The program has two dierent user
interfaces: a graphical interface and a command line versio The graphi-
cal interface was developed especially for Microsoft Winds and is mainly
for demonstration purposes, while the command line versias completely
platform independent and quicker to use. The command line k&on can be
either run as a binary or as a Java class under Windows:

featuresel [#features to select] [options] <training _file>
<test _file> <output _file> [<validation _file]

respectively

java featuresel.Featuresel [[#features to select] [optio ns]
<training _file> <test _file> <output _file> [<validation _file]]

is under Windows the same, if arguments are passed. If no angents are
passed the command

java featuresel.Featuresel
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will invoke the graphical interface. The meaning obptions is the following:

-t kernel _type: set type of kernel function (default 2):

linear (u*v")

polynomial ((gamma * u*v'+ coefO)*degree)

-- radial basis function (exp f-gamma * (u*v)"2 g)
3 -- sigmoid (tanh fgamma * u*v' + coef(g)

N - O

-d degree: degree in kernel function (default 3)

-g gamma: gamma in kernel function (default 1/# finput features ¢
-r coefO: coefO in kernel function (default 0)

-c cost: parameter C of C-SVM (default 1)

-v n: n-fold cross-validation for testing

-X n: n-fold cross-validation for training

-0: optimize regularization parameter C (only usable with

genetic algorithms and binary encoding)

-M n: show messages yes/no (default 1)

0 -- no
1 -- yes

-F n: set feature selection algorithm (default 0)

-- no feature selection

-- Fisher Criterion Score

Relief-F

-- Recursive Feature Elimination

-- Genetic Algorithm (accuracy on validation set as
criterion or - if no validation set is given -
cross validation on
training set)

5 -- Genetic Algorithm (R"2W"2 criterion)

6 -- Genetic Algorithm (Jaakkola-Haussler criterion)

A W DN PR O
1
1

The format of the training and testing data le is:
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<label> <index>:<value> f<index>:<value> g

<label> is an integer which represents the class label of the traign
respectively testing example<index> is an integer starting from 1 for each
example, and<value> is a real number. If no number of features to select
is passed and the algorithm chosen 3ot a Genetic Algorithm, no feature
selection is performed. If a Genetic Algorithm is chosen, ¢halgorithm tries
to nd out the appropriate number of features by itself. In this case it is also
possible to optimize the regularization paramete€ simultaneously.

The following picture shows the main dialog of the graphicahterface:
The user can select the algorithm, the necessary les, whethto perform
cross-validation or not and the kernel parameters interastely. If the check
box \show messages" is activated each algorithm prints oubse information
during the run into an output window. Otherwise nothing is pinted during
the run, but in the end \ready" is written to the standard 1/O o utput stream.
If the message output window is open, the user can stop the cpuatation
of an algorithm by clicking the \Finish" button. If the user chose a Genetic
Algorithm as the feature selection algorithm, common stastic evaluations
can be seen in a plot: The plot below shows the number of featsrof the best
individual of a certain generation. The plot above shows theness value of
the best individual, the average tness per generation, thenline performance
(i.e. the running average over all tness values up to the coent generation)
and the oine performance (i.e. the running average of the ness values
of the best individuals up to the current generation). The It#er de nitions
follow De Jong [Dedong75]. The user can use the mouse to zoano ithe
plot by dragging a rectangle beginning with the upper left amer, or zoom
out of the plot by dragging a rectangle beginning with the loer right corner.
If the plot window is closed the computation continues untilit is ready or
stopped by clicking the \Finish" button in the message outptiwindow.
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Figure A.1: Main dialog of the graphical interface

A.2 Program Architecture

Basically it would be right not to talk about one but two programs: one
which o ers a graphical interface and one which doesn't. Thprogram which
doesn't is completely written in C++ and therefore creates a executable bi-
nary. The one with the graphical interface is a combination foJava and
C++. The graphical interface itself is written in Java, while the core al-
gorithms are encapsulated in a Dynamic Link Library (DLL). The DLL is
loaded at the initialization of the program. Whenever a featre selection al-
gorithm shall be started, a new thread is created in which thBLL is entered
and the algorithm is invoked. The communication between Javand C++
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is done by means of the Java Native Interface (see e.pttp://java.sun.
com/docs/books/tutorial/nativel.1/index.html ). From the C++ side
the only di erence between the DLL and the executable binaryersion of the
program is the code for the invocation of the feature seleon algorithms.
For the executable binary program this is done in the lemain.cpp which
includes the main method of the program. The command line isapsed and
afterwards the correct algorithm with the right parametersis started. The
DLL has a le invoke.cpp instead which o ers two DLL methods, one to
start an arbitrary algorithm and one to stop it (which happers, if the \Fin-
ish" button is clicked). In this case a boolean variable is stehed which is
regularly checked and which tells the algorithm to terminag. The invocation
of an algorithm is done in a similar manner like in themain.cpp le.

A.3 Class Architectures

Figure A.3 shows a class diagram of the basic classes:

The classGeneticAlgorithm contains the Genetic Algorithms, the class
RecursiveFeatureElimination  contains the RFE algorithm, and the lter
methods are implemented in the clasBilterRanking . The Wrapper algo-
rithms require the training of a Support Vector Machine repatedly. The
SVM algorithm is a public available implementation, calledibsvm , which
can be downloaded fronmttp://www.csie.ntu.edu.tw/~cjlin/libsvm It
de nes several interface methods in the lesvm.h. The most important are
svmtrain and svmpredict which lead to a training of a SVM with a cer-
tain input respectively a prediction of a ready trained SVM a some pattern.
The static method k_function of the classKernel inside libsvm are used
to compute the value of the kernel function on some trainingectors. The
libsvm de nes three important structures: svmmodel svmproblem and
svmparameter. The structure svmmodel represents the hypothesis which a
ready trained SVM has learned. The structuresvmproblem stores a dataset
in memory, and the structure svmparameter describes all paramters, e.g.
kernel parameters, of a SVM. For more information aboulibsvm see the
documentation which comes along with this package.
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The purpose of the classeBextWrapper and PlotWrapper is to make the
implementation of the classe§&eneticAlgorithm , RecursiveFeatureElimi-
nation and FilterRanking independent of whether the graphical interface
is used, i.e. the output is printed into some window, or not. f the latter
case outputs are printed to some output stream. That means ¢hoverloaded
<< operators in classTextWrapper simply passes the argument to the output
stream which was given to the constructor before. On the othénand, if
the graphical interface is used, an other constructor is udevhich receives a
pointer to a Java object. The Java object has a methogrintString  which
prints a certain string to the output window of the graphicaluser interface.
Whenever the second constructor is called the private vabée java is set to
false which indicates the overloade&< operators to invoke the java method
printString  and pass the argument to this method. Similar the class
PlotWrapper has a constructor which receives the pointer to a Java object
that has a methodaddPoint. The purpose of this method is to add a given
point to a certain dataset within some plot. Whenever thePlotWrapper
method addPoint is called it simply invokes the Java methodddPoint and
passes the given arguments. This way the clageneticAlgorithm doesn't
need to know whether the graphical interface is used or nott $imply calls
the methods fromPlotWrapper and TextWrapper and they pass the argu-
ments in the right way. The PlotWrapper methods are called only, if the
PlotWrapper object wasn't NULL That means if one doesn't want to use
the graphical interface, the constructor oiGeneticAlgorithm can be simply
called with NULLinstead of an existingPlotWrapper object.

The classPopulation stores a population of individuals for the Genetic
Algorithm in an array. Instead of the objects only pointers © objects of
classindividual are stored. The clas$?opulation o ers a method which
prints out the actual population to a TextWrapper object. For this purpose
it makes use of the overloadeg< operator of clasdndividual . Population
also o ers aequals method which returns true if to populations contain
the same individuals. For this it makes use of thequals method of class
Individual

The classIndividual represents an individual for the Genetic Algo-
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rithm. To make it more general in use, the constructor receds an object
of classGenomelndvhich is an abstract superclass for all genomes of an in-
dividual. Additionally it receives a pointer to an object of class RandGen
RandGero ers a general purpose random generator. The implementati
is taken from [Goldberg98] and more information can be founthere as
well. Individual o ers methods computeFitnessVal, computeFitnessCV
and computeFitnessBound which compute the tness of an individual with a
genome representing some feature subset by means of vaigaton an inde-
pendent validation set,k-fold cross-validation on the training set or by one of
the bounds (2.19), (2.22). For the necessary SVM training éfunctionality
of the libsvm is used. By means of the methodetSelectedFeatures one
returns a feature subset of a given input set with respect tche genome of
the individual.

As mentioned before the clas§&senomelnds an abstract superclass for
all genomes of an individual. Among others it o ers the methds HUXand
mutate which perform a HUX between two genomes respectively a Cata-
clysmic Mutation on the actual genome. Two concrete subcless areBitvec
and Decvedll. Bitvec stores a binary genome as an array of bits, and
DecvecAll stores a decimal genome in an integer array. A subclass of
DecvecAll is the classDecvecwhich di ers from DecvecAll in the way that
each decimal gene has to be unique. This is used for threGA algorithm
family, which aims at nding the best m best features.

FilterRanking o ers the implementation of the Fisher Criterion Score
and the Relief-F algorithm. Both algorithms are put togethe in this class
because they both compute a ranking of features accordinggome criterion.
The ranking and the value of the criterion are store in the strcture Score.
Thus the methodsgetAllReliefF  and getAllFisherScore return an array
of Score structures.

The RFE algorithm is implemented in theRecursiveFeatureElimination
class. Here the methodjetAll returns an integer list of the features in the
order they were eliminated.

Finally the class Algo o ers some general purpose things like the cross-
validation algorithm or a method to read in les. All methods are made
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static.

Figure A.4 shows a class diagram of the graphical interfackasses which
are encapsulated in a packagkeaturesel

The classFeaturesel contains the main method of the graphical in-
terface. It rst checks whether arguments are passed. If thiis the case
they are parsed and the native methodnvoke _algorithm is called. Oth-
erwise an instance of clas&Ulis created. If the user clicks \File] New"
an object of classGULNewis created. If the user clicks \Run" the method
prep_algorithm passes the settings the user has made in the dialog to the
actual instance of Featuresel . Depending on whether the user has se-
lected \show messages" or \plot statistics" a reference toraobject of class
GULTextOutput respectivelyPlotter or null is handed over. Then a new
thread of classFeaturesel is started. The run method of this thread sim-
ply calls the native methodinvoke _algorithm with the arguments formerly
given by prep_algorithm . If the user clicks \Finish" in the output window,
the native method exit _algo is called and the execution of the thread is
nished.

The classGULTextOutput is simply an extension of clasgva.awt.Frame .
Each instance contains a reference tolextArea object. WhenevermprintStr-
ing is invoked the passed string is added to this text area.

The classPlotter is also an extension of clagava.awt.Frame . It con-
tains two attributes of classPlot . This class is part of the public available
packageptolemy which can be downloaded fromhttp://ptolemy.eecs.
berkeley.edu/java/ptplot5.2/ptolemy/plot/doc/index. htm. The Plot
class handles plotting, rescaling, zooming and adding legls automatically.

A more detailed documentation of all classes can be found ing API on
the program CD.
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Figure A.2: Plotter window
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Figure A.3: Class diagram of main classes
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Figure A.4: Class diagram of graphical interface classes
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